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ENGINEERING PROBABILITY

A formula by Poincaré

On some probability triple (2, F,P) consider any collection of events Ay,..., A, in F.
The formula by Poincaré provides an expression for the probability of their union U}_; A;.
This formula generalizes the basic fact that

P[ANB]=P[A]+P[B]-P[ANnB], ABeT (1.1)

obtained by elementary arguments (Fact 1.23 for details). The formula by Poincaré states

that
IP’[UZlAi}:Z(—l)’“+1< > P[Ailm...mAik]). (1.2)

k=1 1<iy <...<ip<n

We express this formula in the following alternate form

n

PlUp A =Y (1) > PNjesA] ) (1.3)

=1 JEP({1,...n}): |J|=k

said form being notationally more convenient to establish it.

A proof
The proof proceeds by induction on n = 1,...: The induction hypothesis assumes that
the formula by Poincaré holds for any collection of k events in F with k =2,... n.

Basis step: The case n = 2 is known to hold — See (1.1) above.

Induction step: Assume that for some n > 2, (1.3) holds for any collection {A4,, ¢ =
1,2,...,k} of events in in F with k = 2, ..., n. We shall show below that (1.3) holds for
any collection {A,, ¢ =1,2,...,k} of events in F with £k =2,...,n,n+ 1. Obviously we
need only consider the case k =n + 1.

The point of departure is the observation that

U?:JrllAz' = (Ugl:lAi) U An+1

which holds by virtue of the associativity of the union operation. By (1.1) (with A =
Ur_,A; and B = A,,41) we get
P [U:‘L:JrllAi} = P(UL14) U Anid]
= PULA]+PAn] = P(ULA) 0 Ay
PIUZ Al + PAn] = P[UL (Ai D Anga)] (1.4)
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since the union and intersection operations are distributive with respect to each other.
Using the induction hypothesis with the collection Ay, ..., A, we get

n

PlUL A =) (—1)F! > P[Nes4;] | . (1.5)

k=1 JEP({1,...n}): |J|=k

On the other hand, the induction hypothesis applied to the collection A{NA,11,..., AN
A,y yields
PUL, (AN Apy)]

n

=S Plne (4N A

k=1 JeP{1,....,n}): |J|=k
= > (- > P [Njesunr1pA;]
k=1 JeP{1,....,n}): |J|=k
n+1
= Y (-1F > P[NjesA;] (1.6)
k=2 JeP({1,....,n,n+1}): |J|=k—1, n+leJ

and we conclusion

—PUL; (AN Apy)]

n+1
= ) (- > PlNjesA;] (1.7)
k=2 JEP({1,nnt1}): |J|=k—1, ntled

follows.
Going back to (1.4) we note that

P[Apa] +PUL A

= PlApn] + Z(‘l)kH Z PlNjesA;]
k=1 JeP({1,...,n}): |J|=k

n+1

= Y P[A]+Y (- > PljesAll. (1.8)

JEP({1,..n}): |J|=k

Using the expression (1.4) for P [Uf7"4;] we conclude that this quantity is the sum of

three terms, namely
n+1

Z]P’ [Ad], (1.9)

> (=D > P[Njes4] (1.10)

k=2 JEP({1,..n}): |J|=k
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and
n+1
> (=1 > PNes4,] | - (1.11)
k=2 JeP({1,...n,n+1}): |J|=k—1, nt+leJ

For the first of these terms we note that

n+1
Y PlA] = (1) > PNjesA,] | with k=1 (1.12)
i=1 JeP{1,..n+1}): |J|=k

while adding the two last terms combine to yield

n

> (k! > PlNjesA;]

k=2 JeP({1,...n}): |J|=k
n+1
+3 (=1FH > PlNjesA;]
k=2 JeP({1,...n,n+1}): |J|=k—1, nt+1eJ
n+1
= > (- > PNjes A | - (1.13)
k=2 JEP({1,...,n+1}): |J|=k

This last step can be argued as follows: Any subset J of {1,...,n + 1} of size k is

either a subset of {1,...,n} of size k (and is counted in the first sum) or is a subset of
{1,...,n + 1} which contains n + 1 (and is counted in the second sum) — In the latter
case, such a subset J of size k will be realized as a subset of {1,...,n} of size k — 1 to

which n + 1 is appended.
Collecting terms we conclude that

n+1
P U A = Z(—m“ Z PNes4] |, (1.14)
k=1 JeP{1,...,n+1}): |J|=k

and the induction step is established.




