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ENGINEERING PROBABILITY

ANSWER KEY TO TEST # 2:

a. Note that

so X ~ Exp(2), while

b. Note that

with

fx(z) = /fo,y(x,y)dy
0

B ifx<O
- f;o 2e~ @t dy if x>0

(0 ifr<0
- 272 if x>0

Frly) = /R Frr (@, y)de
0

B ify<o0
N JJ2e7 "W dz ify >0
B 0 ify <0
N 27V (1—eY) ify >0.
1
E[X Y] =E[X]-E[Y] = 5 —E[Y]

ElY] = /O ) yfy(y)dy
= 2/0Oo ye Y (1 — e_y) dy

(1.1)
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Therefore,
1 1
EX-Y]|==-—-24+4-=—-1.
[ J=5-2+5
c. We need only consider the case z > 0, and on that range we have
 fxy(my) [0 ify<ua
PrixWlo) = 5057 T i — 60 g <y
whence

EY|X =2x] = / ye WO dy = e” / ye Ydy, = >0.

Integration by parts gives
/ ye Vdy = / y(—e’y)/dy

= xe " +e” (1.4)

whence
EY|X=z]=1+2z, x>0.

2.

Most of the arguments made here rely on the fact that

[ e, 1Y
R

o> 0.
a. We have
1 = fxy(z,y)dzdy
RQ
(z—y)? 2
= A/(/e 2 dy)e?dx
R \JR
z2
= A/\/27m2d3:
R
2
= A (\/ 27r> whence A = 5-. (1.5)
b. First,
fx(x) = fX,Y(%y)d?J
R
= Ae = e_<zéy) Y
R
1 2
—= 677, Xz G R (16>
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2
y1? Y
2[e- 2]+ | & 1.8
3+ Al )
by a completion of squares argument. Thus,

Afet = a /es(w] [ 4,
R R

N | =

Similarly,
= d
fr () /foy(%y) Z
Y P Sy R ,
/Re e T, YE (1 7)
with
;Jr(x;y)? _ %(x2+a;2—2xy+y2)
= % ((ﬂ@? - 2(\/596)% +y2)
-l
2\ "Rl T

o2 1 (1*1%)2
= A6_4-/62 2 dx
R
_y? 1
whence 1
= eV, eR
It follows that X ~ N(0,1) and Y ~ N(0, 2).
c. Next, for each y in R, it holds that
fxy(z,y)
Ixiy(zly) = —
avlel) = )
1 a2 (z—1)?
- ge 2 -€ 2
1 3% ’
Ee Q(f)
1
= —e2) zeR (1.10)
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with
y?
= P+ @-y)’ -
2
2
= 2x2—2xy—|—y—
2
2
= 20 — —
(%)
U\ 2
- 2(3:—5) , z€R. (1.11)
Thus,

2
Ixy (zly) = %6_(%%) , TeR
and it is now plain that the conditional distribution of X given that Y = y is a normal
distribution N(¥, 1).
d. This time we have

frix(yle) = &‘”)y)

o
b

8
8

—_— 2

1 @
— 27T@—<2”, (1.12)

and the conditional distribution of Y given that X = z is a normal distribution N(x, 1),
hence E[Y|X = z] = z.

3.
a. Note that the conditional probability distribution of the rv X given B = Head (resp.
B = Tail) coincides with that of U (resp. V). Thus, it holds that

E[X] = E[X|B = Head]P[B = Head] + E [X|B = Tail] P[B = Tail|
= E[U]P|[B = Head| + E [V|P B = Tail
- %p+0-(1—p):g. (1.13)

b. With z in R, we have

P[B = Head|X = z]
fx|(xz|Head)P [B = Head]
fx(z)
pfu(z)
pfu(x) + (1 =p)fv(z)
0 if z <0
) ifo<a<1
R (1.14)
0 itl <z

=
2
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with an obvious notation.
c. We start with the observation that the rv X can be represented as

X = 1[B=Head]-U+1[B="Tail]-V
— B U+(1-B)-V (1.15)

with B* being the indicator rv B* = 1[B = Head] and 1 [B = Tail] = 1 — B*. Therefore,
we get

Cov[X,U] = Cov[B*-U+(1—B")-V,U]
= Cov[B*-U,U|+ Cov|[(1—B*)-V,U] (1.16)

The rvs B*, U and V being mutually independent,

Cov[B*-U,U] = E[B"-U?| -E[B*-U]E[U]
E[B*|E [U?] —E[B*E[U]E U]
= pVar[U] (1.17)

and

Cov[1-B%)-V,U] = E[1-B")-UV]-E[1-B")-V]E[U]
= E[1-B|E[UV]-E[l - B*]E[V]E[U]
= (1-p)Cov[U,V]=0 (1.18)

since the rvs U and V' are independent (hence uncorrelated). Thus,

Cov[X,U]szar[U]zp(%— (%) > :%7&0!

and the rvs X and U are clearly correlated.

4.
a. The rvs X and Y are clearly independent since

fxy(z,y) = fx(x)- fr(y), z,yeR

as we note that

N

T

ze 2z ifx>0
fX(x> :/fX,Y(xay)dy =
R 0 if <0
and similarly,
T ify>0

ye
fr(y) = / Fav () =
. 0 if y <O0.
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M

22

T

b. Obviously, since (ze~ %) = (—e~ 2 )/, we get

) 0
/oofX@)ds{ o
” 0
/Oofx(ﬁ)dﬂ{ L

c. Finally, with » > 0, we have

and

2
Y
2

P[R <]

YV >0,X <rY]
E[1[Y >0]1
:@UW>WHX§

o2
2

X
Y>o,?§r}+lp>{y 0,

ifz<0
(1.19)
ifxz>0

ify<0
(1.20)
ify > 0.

<

<|><

:

Wy

(X <rY][Y]]

rY]|Y =

(E1]y>0]1[X <ry] [V =), ]
LY > 0 (E[LIX < rg][Y =),y ]

LY > 0] (B[1[X < ry]]),y ]

2

H #H B =B B =B BEBS =

:1[Y>()] (1—6_7

/ (1—6_
0
oo
1—/ ne-
0

1
L+

2

2 2

(tr2)n?
2

dn

r > 0.

A second solution:

PR<r] = P[Y >0,X <rY]

I

0

1—

(s
(e )

27

l—l—

1Y > 0P [X < ry]_

2y2

r > 0.

1
)

dn

2

) 2
776

(1.21)

/ P (@) fy (y)dady
{(z,y)eR 1$<7‘y}

)fy()

v (y)dy

(1.22)
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