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COMMUNICATIONS SYSTEMS

ANSWER KEY TO TEST # 1:

1.
With scalar @ > 0, consider the signal g, : R — R given by

ga(t) := cos (27t) 4 sin (2wat), t € R.

1.a. For each T' > 0 we have
T
[ latorar
-T

T
= / |cos (2nt) 4 sin (2mat)| dt
-

= / (Jcos (27t)|? + 2 cos (27t) sin (27at) + |sin (27at)|?) dt. (1.1)

-T

With the help of standard trigonometric identities, elementary calculations yield

/T lcos (27) 2 dt — 1/T (1+ cos (4rt)) dt

- N
sin (47T)
= T4+ —" "7 1.2
+ (1.2)
and
T 1 T
/ Isin (2mat)|* dt = —/ (1 — cos (4mat)) dt
- 2 )7
sin (4maT)
= T—-—— 1.3
a (1.3)
while

T
/ cos (27t) sin (2wat) dt = 0

=T
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since the integrand has odd symmetry with respect to the origin. As a result we conclude
that

P mi/T\ (1)2dt — 1
o or | 10 -

=1

T—oo _T
1.b. It is assumed that the signal g, : R — R gives rise to a Fourier series expansion of
the form

Zoo_i €™ teR (1.4)

with Fourier coefficients {c,, n = 0,£1,...}. The signal g, being defined on R, the
existence of its Fourier series (??7) implies that g, must be periodic with period

T .= —.
a

But the signal ¢ — sin (2wat) being itself periodic with period T, it follows that the signal
t — cos (27t) must also be periodic with period 7. However, the signal t — cos (27t) is
itself periodic with period 1. These two requirements imply that 7" = ¢ for some integer
¢=1,2,..., or equivalently

|

a =

1.c. Under the condition a = % for some ¢ =1, ..., we get the following: If £ # 1, then
€j27rt + e—j27rt €j27rat _ e—j27rat

all = :
9a(t) 5 + 5
€j27r€at + e—j27r€at 6j271'at o 6—j27rat
— + , , teR
2 27
so that
1 1 q
Cl = —, C1 = —— an Cp = C_yp = —
1 2] 1 2] l ¢ 9

with all other Fourier coefficients being zero. If ¢ = 1, then a = 1 and we get

1 1
=-(1+£-
1T ( .7)

with all other Fourier coefficients being zero. In either case we now conclude that

1

P, = T/0a|ga(t)|2dt [By periodicity]

o0
= g lco|>  [By Parseval’s Theorem for Fourier series]
n=—00

1

2 2
1 1 1 1 :
1‘1—3‘4-1’14-3‘ lf€:1

2 2 .
2|5] +2|3| if £ #1
= 1, (1.5)

in agreement with the evaluation carried out in Part 1.a.
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2.
For each a > 0, consider the signal h, : R — R given by

ho(t) = e~ ¢t eR.

2.a. By now you should know that

2a

Ha(f):m> JfeR

and I look forward to seeing your calculations.

2.b. Note that lim,|o h,(t) = 1 for each ¢ in R and it is easily verified that
0 if f#0

oo if f=0

lim H,(f) =

so that lim, o H,(f) can be viewed as a proxy for 6(f). Thus, we can construct a direct
approximation argument on the way to establish the Fourier pairing 1 <= §(f), namely

ha(t) = H.(f)
L (a]0) 1 (al0)
1 <~ i(f)
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3.
Consider the function v : [—3, 1] — R given by

v(t) =t |t <

N | —

3.a. Note that .
2 .
Vg = / |t|€—]2ﬂ'ktdt7 k= 07:}:17:}:27

N|=

so that
V_ = Vg, k:1,2,
with
1 1
2 2 1
voz/ Wt:z/ bt =
_1 0 4
2
Now for each £k =1,2,..., we have
%
v = / |tle 2™ dt = ay, + by
-4
where
3 ‘ i
ay, = / |tle 7> dt = / te 2t
0 0
and

0 0
by == / |tle ™ dt = — / te Pt

1 1
2 2
It is clear that

0

b = — [ te Pt

© i

= — / se?*™3ds  [Change of variable t = —s]
1
1

2 .
= / sel*™5ds = af.
0
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Integration by parts gives

Qg

It is now immediate that

te*]Qﬂ'ktdt

e 727kt
dt
/ ( j27T]€)
1
2
1
2
1
2

o—i2mhkt 3 3 [ o—i2mkt
( szkz)} - <—j27rk;> “
e—Imk >
( J27Tk) -

(
(50

b, = a} = 1 <(f1)k> B (—1)F —1

so that

Vi =

Finally, for each k = 1,2, ...

Hence,

(—j2rk)?

0 if k even
Vi —

—ﬁ if k odd.

v(t) = Z vped 2k

k=—o00

0o
— UO+§ :'Uk (ej27rkt+efj27rkt)

| =

1

k=1

+2 Z vy cos (2mkt)

2 Z Vg1 €Os (2m(20 + 1)t)

=0
00

=2 e cos (2m(20 4 1)t)

o0

2 1

— =) g cos(2m(20+1)t), teR

— (20+1)?
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3.b. By Parseval’s Theorem for Fourier series we know that

1
2 2, &0 2
/_|ty =" |up

1 1 3
N B B | 1 1
= — = — 2 — e —
/_ |t|?dt 3/_ 3t%dt 3( (2 o

1
2

[

Noting that

N[

we conclude that I(v) = 3.

3.c. The calculations are straightforward: Note that

o0
Sl = ol S ol

k=—o00 k=—o0

1 N

1 o0
— 1—6‘{‘2;'11234_”2

and Part 3.b yields

Solving for 7* we get
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4.

It is high time to compute various integrals using the properties of the Fourier transform:
With the function h : R — R being defined by

we have

with

1 ifjt <1
h(t) =
0 if [¢t| > 1,

h(t) <= H(f)

4.a. With this in mind, note that

21

. 2
()
R t

0 (2 2
2#/ (Sm(—ﬂS)> ds [Change of variable t = 27s]
R

: 2
E/ <2 : %) df [Change of variable s = f]

R
JALGRY
R
g / \h(t)|?dt [Parseval’s Theorem for Fourier transforms
R

1
E/dt
2 ).,

7, hence I = 7.

2
7
2

(1.8)
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4.b. Note that
int
I(a) = / el 220 gt
R t

in (2
= 27r/ 6_2”“‘8‘.Mds [Change of variable ¢ = 27s]
R 2ms

= 7T/ etlsl, (2&112(ﬂ) ds [Set b= 2mal
R

s

= w/e‘bs - H(—s)ds
R

2b
= 7 /R m -h(f)df [By Parseval’s Theorem for Fourier transforms]
! 2b
- ————d
7T/_1 b2 + (27 f)? f
o2r (1 1
- ——d
b _1 1+ (%rf)g f
ora [ 1 o . f
= 5 P dr [Change of variable z = 57 f = Z]
= 2Arctan (cfl) , ",
4.c. Note that
J(CL) - / efat.Sl_ntdt
0 t
— /00 o-alt SIRE
0 t
1
= 3@ (1.10)

since

0 : 00 :
/ e—a\tl_a_ntdt — / e—a|t\.81_ntdt
oo t 0 t

by symmetry, and the conclusion
J(a) = Arctan (a™")

follows.

As stated in the hint to this question, there are many different ways to compute these
integrals. In particular you should also be aware of the fact that if g;,¢90, : R — C are
finite energy signals with Fourier transforms G1, Gy : R — C, then

/R 01 (D)g2(1)dt = (g1 % g2) (0) (111)
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The signal g; x go has a Fourier transform given by (G - G5, and the inverse Fourier
transform yields

(91 % 92) / Gi(f (f)e?*Itaf

so that

/R 61 (D)ga(t)dt = (g1 % g2) (0) = / Gi(f) - Cal)df.




