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COMMUNICATIONS SYSTEMS

ANSWER KEY TO TEST # 2:

l.a
1.b
1.c
1.d The signals z,,2_ : R — R implement USB and LSB modulation, respectively.

2.

2.a The function g being defined on the finite interval [—i, i], it is (square-)integrable

since ]
)] <1 t < —.
g1 < o

As a result, its Fourier coefficients are well defined and easily computed as follows: The
length of the interval is a™!, so that the fundamental frequency f, appearing in the

Fourier series expansion is given by f, = a.
For each k£ = 0,41, +£2,..., we have

1 4a .
Cok = ——3 sin(2rat)e 72k et g
o g
1
_a [ (ejQTrat _ €7j27rat) o—i2mhat gy
27 )1
n
_ i e (eijﬂ-a(kfl)t _ eijﬂ'a(kJrl)t) di
27 ~L
1 [1
_ 2_ (€—j27r(k:—1)s o e—j27r(k+1)s) ds [S _ (Zt]
ity

and direct inspection yields

Cqg,—k = —Cq,k, k= 1, 2, PN
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Furthermore,

1

1 (e
C0 = =3 /_4 sin(2mat)dt = 0 (1.1)

1

4a

by odd symmetry!
For k # 41, straightforward calculations show that

or T g =R — ) T =2k )]

1 -e_j(k_l)% — ej(k_l)% e_j(k'i'l)% — ej(k+1)%:|

1 [ e—d2r(k—1)s e—i2m(k+1)s ]%

2% | —2n(k—1) —ji2n(k+1)
_ 1 |sin((k—1)F) sin((k+1)F) (12)
2j m(k—1) n(k+1) '
Thus, for k =2+ 1 with ¢ =1,2,...,
. m . . ™ .
sin ((k — 1)§> =sin({r) =0 and sin ((k: + 1)§> =sin(({+ 1)) =0,
whence
Cg20+1 = 07 (= 1, 2, ce (13)
For k =20 with £ = 1,2, ..,
. m . ™
sin <(k + 1)§> = sin ((% + 1)§>
_ 7r
= sin <€7r + 5)
. ™ (T
= sin (¢m) cos <§> + cos (¢m) sin <§>
= Zcos ()
(1), (1.4)
whence
B O e G DA G O
2t = o5 7@20— 1) w20+1)
1 A=)
25 w42 1)
9P 1\
_ L ==Y g, (1.5)

jowae =1y
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Finally, for £ =1,

1

Cg1 = Z/— (1—e7*)ds

LT [eset
S22 {—j‘lﬂ]l
L 4
11 eI
2|2 —j4m
11 sin(m)] 1 (1.6)
252 or | 45’ ‘
The Fourier series expansion of ¢ is given by
27k fo
chg’keﬂ &
= ¢y0 + Z Cok (ejQTrkat . 6—j27rkat)
k=1
= 2j- chksm (2mkat)
k=1
= 25 (cglsm (2mat) —i—chggsm(47r€at)>
=1
_ (2mat) + 2j Z (4lat)
= 2sm mat) + 27 - 2 1cgggsm la
1 4 (1)
=5 sin (2wat) — - 2 i@ z . sin (4mlat), teR. (1.7)

2.b The function h being defined on the finite interval [—5-, 5], it is (square-)integrable

since
1

4a

This time, the length of the interval is (2a)~!, so that the fundamental frequency ap-
pearing in the Fourier series expansion for h is given by 2f, = 2a. In fact, we have

b <1, Jt] <

4a .
ik = 2a / sin(2rat)e 92 CV G = 2c 0 k=0,41,42, ...

1

4a

so it is still the case that

cho =0, cpr=—cpr, k=0,£1,£2,. ..
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However, the Fourier series expansion of A is now given by

§ kch,kejQWkaat

)
jAmkat —jdrkat
= Ch70+ E Ch,k (ej — e )

k=1
= 4j- Z Cg.ok sin (dmkat)
k=1
(=1 —2k(-1)F
= 4] . (Z} . m + Sin (47Tkat)>
k=1
8 w—= k(=1)F .
- ; ez St (4rkat), teR. (1.8)

It should be clear from these calculations that the Fourier series expansions of the func-
tions g and h are indeed different as they should be since they are different functions!

3.
3.a We have
(0 f0<f<fo—%
VSB =
1 if ff+2<f<f.+B
(0 if f.+B<f.
with

Hysg(—f) = Hyss(f), [f=>0.
From this expression for Hygp (or graphically), it is easy to check that
1 if|f|<B

Hysp(f — fe) + Hyss(f + fo) = (1.9)
0 if|f| > B

and the requisite condition holds.
3.b The transmission bandwidth By is given by

B
Br=B+— =22
r Tty T3

3.c By construction

svsB = MvsB * YpsB—sc
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so that
Svse(f) = Hvss(f)Spsp-sc(f), [€ER
with 4
SDSB—SC’(f):é(MUC_fc)—'—M(f_’_fc))v fER
Here, h
M) = 22 = fu) 43U + J), ER
so that
A A,
SDSBfSC<f) = 4 (6(f_fc_fm)+5<f_fc+fm)>
A0 (5(f o fu) + 30 + fot £). (110

It is now plain that

Svss(f)
= HVsB(f)SDSBfSC(f)
= Acfm (HVSB<fc + fm)é(f - fc - fm) + HVSB(fc - fm)(s(f - fC + fm))
4 A (o F)OUF 4 fo— f) + Hysn(—fo — 50U+ fo+ £u)

4

When % < ¢ < 1, we note that

Hysp(fe + fm) = Hvss(=(fe + fm)) = 1

and
Hysp(fe — fm) = Hyss(—(fe — fm)) = 0.

Therefore, we conclude that

Svsn() = T (S() — (ot ) +0U + (et o)), [ ER
whence AA
sysp(t) = 02 = cos (21 (fe + f)t), tER.

3.d When 0 < ¢ < %, we now have

Hysg(fe + fm) = Hyss(=(fe + fm)) = ! (fm + E) =c+ %

and , 5 )
Hysg(fe — fm) = Hysg(—(fe — fm)) = 5 (—fm + 5) = —c+ 3
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whence

Svss(f)
_ Acdn ((w%) 5(f = fo— fm) + (—c+%> 5(f—fc+fm>>

4
((-H%) O(f + fe=fm) + (c+%) 5(f+fc+fm)>-

N AA,,
4

It is now easy to see that

svsp(l) = Aﬁm ((c+ %) cos (2n(fo + f)t) + (—c+ %) cos (2r(f. — fm)t))

for each ¢t in R.
Note that

cos (27 (f. £ fin)t) = cos (27 f.t) cos (27 fnt) F sin (27 fet) sin (27 fi,t)

so that
(c + %) cos (27 (fe + fm)t) + (—c + %) cos (27(fe — fm)t)
= <c + %) [cos (27 f.t) cos (27 fint) — sin (27 fet) sin (27 f,t)]
+ (—c + %) [cos (27 fet) cos (27 f,,t) + sin (27 f.t) sin (27 fit)]
= cos (2r f.t) cos (27 fut) — 2¢sin (27 fet) sin (27 f,,t) (1.11)
Therefore,
AAn : :
sysp(t) = 5 (cos (2 f.t) cos (27 fut) — 2csin (27 fet) sin (27 fit))
= A, (my(t) cos (2mfet) + ma(t) sin (27 f.t)) (1.12)
where
my(t) = @ and mo(t) = —cAp, sin (27 f,t), teR.
4.

4.a The signal t — () is periodic with period 7', and we have

3 3
/ }ejkpm(t) ‘2 dt = / dt =T.

Thus, the signal t — (t) admits a Fourier series representation of the form

e(t) = chkeﬂ”%t, teR
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with Fourier coefficients

T
1 [2 . A
o = T/ kP =2 Et gy =0 41,42, ..

N

Now, for a given &k =0,+1,+2, ..., we get

NG|

0
L = 1/ ejkPM(t)efj%%tdt_,_ 1/ ejkpm(t)eijTr%tdt
- 0

T

0 T
. . k 1 2 . o k
/ e kP emI2m Tt gt 4 eIkre=12m Tt gy
- 0

Sl

T
e ~IkP QI 2Tt gt + l/ eIhP eIt gt
T Jo

For k =0,

co = (ejkp + e_jk”) = cos (kp) .

1
2
For k =4+1,4£2,...,

As a result,

e(t) = cos(kp)—sin (kp) Zk#o (%) kit

= cos ) —sinlh) Y- (L) (b - o)

ot 3 (S s ()

4sin (kp) o=~ 1 20+1
= cos (kp) +j Sm(P)Z sin(27r i t), teR.

20+1 T

™
=0

(1.13)

(1.14)
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4.b The PM signal spy : R — R can be evaluated as follows: For each ¢ in R, we get

SPM(t> = Ac COS (27cht + kPm( ))
= A.Re ( J@mfetthpm(t) )
= A.Re (eﬂﬂﬁ )

Asin(kp) = 1 20+ 1
= ARe [ /2! <cos kp)+j Z sin (27r t)))
T — 2041 T
= A.cos (kp cos (27 f.t)

S 20+ 1
in (kp) sin (27 f.t) Z s1n (27r ; t)

=0

e

= A.cos (kp) cos (27 ft)

_%Sm(kp)_ ( ( ze+1)t>
+—sm (k) Y ( ( 2“1>t). (1.15)

4.c The PM signal spy : R — R has frequency content at the discrete frequencies

f=+f and f:i(fci@), (=0,1,...

The power of the PM signal spy; : R — R can now be computed in the usual manner:

.1 (P 9
PSPM = Blggoﬁ |SPM(t)| dt

B
A2 Jim /By (2 fot + kpm()|? dt
= - lim —
cAmSE ) cos (27 f. Pm
A? I
- 7‘3 <1+Bh—r};oﬁ/_3 cos (47rfct+2k:pm(t))dt)
A2
= =< 1.1
because
1 B
Blifioﬁ/B cos (4m f.t + 2kpm(t)) dt =0 (1.17)

upon using the form of m.




