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ENEE 620
FALL 2016
CHAPTER 1

Field
With 2 an arbitrary set, a non-empty collection of F of subsets of 2 is a field (also
known as an algebra) on (2 if

F1) 0 e F
(F2) Closed under complementarity: If £ € F, then £° € F
(F3) Closed under union: If £ € Fand F € F,then EU F' € F

By de Morgan’s Laws, (F2) and (F3) automatically imply
(F3b) Closed under intersection: If £ € F and ' € F,then ENF € F

Furthermore, (F3) implies the seemingly more general statement:

(F4) Closed under finite union: If £, ..., E, € F,then U | E; € F
while (F3b) implies the seemingly more general statement:
(F4b) Closed under finite intersection: If £y, ..., E, € F,then N} | E; € F
o-Field

With €2 an arbitrary set, a non-empty collection of F of subsets of 2 is a o-field
(also known as an o-algebra) on € if

F1) 0 e F
(F2) Closed under complementarity: If £ € F, then £° € F

(F3) Closed under countable union: With I a countable index set, if F; € F for
each? € I, then U,/ E; € F
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Probability measures
Consider an arbitrary non-empty set {2 equipped with a o-field F. A probability
(measure) P on F (or on (£, F)) is a mapping P : F — [0, 1] such that

(P1) P[0]=0and P[Q] =1

(P2) o-additivity: With I a countable index set, if F; € F for each i € I, then

P(UierEi) = ) P[E)]
iel
whenever the subsets { E;,i € I} are pairwise disjoint, namely

i F ]
EiﬂEj:@, i,jE[

Probability models
A probability space (triple) is a triple (€2, F,P) where

e () is the sample space, i.e., the collection of all outcomes (samples) gener-
ated by the experiment £.

e Events are collections of outcomes. The collection of events whose like-
lihood of occurrence can be defined is a o-field F on (). In many cases
of interest one is forced for mathematical reasons to take JF to be strictly
smaller than P ().

e The “likelihood” of occurrence to events in F is assigned through a proba-
bility measure P defined on F.

Discrete probability models
A case of particular importance arises when (2 is countable, in which case it is
customary to take F = P(£2) where P(£2) denotes the power set of €2 (some-
times also denoted 2*%). In that setting, specifying P on (2, P(€)) is equivalent to
specifying

{PHw}], we Q}.

This is a straightforward consequence of the o-additivity of probability measures
and the fact that
F =U,er{w}, F eP(Q).
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Uniform probability assignments
Let 2 be an arbitrary set to be used as the sample space of a probabilistic experi-
ment £ where outcomes are equally likely to occur — According to £ an element
of € is selected at random as the saying goes, or more accurately, uniformly.

e Uniform probability measure on a discrete set with || < oo assigns the
same probability of occurrence to any outcome. Thus, take P [{w}] = p for
all w € €, so that

P[F]=) Plw}]=|Flp, FePQ)
weF
whence
p —=
2]
upon taking F' = (). Finally we get

P[F] = % FePQ).

e What happens when 2 is countable with |Q2] = co? We should still have
P[{w}] = p for all w € 2. In that case it still follows that

B FeP)
Therefore, we get
FeP(Q)
<
and this implies p = 0 (because we can select a sequence {F,, n =

1,2,...} of subsets of €2 such that |F,,| = n foralln = 1,2,...). A contra-
diction immediately arises since

1=P[Q] =) p=0

It is not possible to have a uniform probability measure on a discrete set
with || = oo!



©1997-2016 by Armand M. Makowski 4

e What happens when 2 is uncountable? For the purpose of defining proba-
bility measures on non-countable sets €, in general it is not possible to take
F = P(2). In other words, in the non-countable case, it is not possible to
assign a likelihood of occurrence (through a probability measure satisfying
the axioms (P1)-(P2)) to every subset of 2! The difficulties involved will
be on two examples to be discussed shortly, namely infinite coin tosses of a
fair coin and selecting a point at random in the interval [0, 1].

Simple consequences of the definitions (F1)-(F5) and (P1)-(P2)

e Complementarity:
P[E‘|=1-P[E], E€F
e Generalizing additivity:
P[EUF|=P[E|+P[F]-P[ENF], EFeF

e Monotonicity:

Bounds

The following elementary bounds are often used; they can be established by in-
duction:

e Boole’s inequality (also known as union bound): With countable index set
1,

P Ui E;] < ZieIP [Ei]

e Bonferroni’s inequality: With finite index set 7,

PlUeB) > PIE]-) . PENE]

Continuity properties of P
Consider a sequence {E,,, n = 1,2,...} of events in F.
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o If the sequence is monotone increasing in the sense that
ETLQETL“Flﬂ n:172a"'

then

n—oo

We have a continuity result for [P if we define lim,,_, ., £; = U2, E; in the
sense that lim,,_,,, P[E;] = P [lim,,_, F].

o If the sequence is monotone decreasing in the sense that
En+1gEn, n:1,2,...

then

n—oo

We have a continuity result for [P if we define lim,, o, £; = N2, £; in the
sense that lim,, ,., P[E;] = P [lim,, o F.

The sequence {E,,, n = 1,2,...} is monotone increasing (resp. decreasing)
if and only if the complementary sequence {ES, n = 1,2,...} is monotone de-
creasing (resp. increasing).

Independence
Consider { E;, i € I} where [ is an arbitrary index set.

e Pairwise independence: The events {E;, i € I} are said to be pairwise
independent if the conditions

PlE: N E;] =P[E]P[E)], Z’f;éejl

hold. When [ is finite, this is a set of w conditions.

e Mutual independence (with [ finite): The events { F;, i € I} are said to be
mutually independent if

JCI

jed

This represents 21/l — (|I| 4 1) conditions.
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e Mutual independence (with [ arbitrary): The events {E;, i € I} are said to
be mutually independent if for each finite subset J C [ with 0 < |J| < o0,
the events { £;, j € J} are mutually independent, namely

JCI

PNjesE;j] = HP[EJ']’ 0<|J] < o0.

jeJ

Borel-Cantelli lemmas
Let {A,, n=1,2,...} be a collection of events in F. We write

Ay i0.] = M%) (UnsnAn)

Z P[A,] < oo,
n=1
then it is always the case that

P[A,i0.] =0

e When the events {A,,, n = 1,2, ...} are mutually independent, if

ZP[An] = 00,

then
P[A,i0.] =1

Limsup and liminf, and limits
Let {A,, n=1,2,...} be a collection of events in F. Define

limsup A, = My (UpsnAm) = ﬁ?f:l/ln
n—oo
with
An:UmZnAm’ n:1’2,

Similarly,
lim inf An = Uzozl (mmZnAm) = UZO:lAn

n—oo
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with
An:ﬂmZHAm, 77,:1,2,...

We have the memnonic notation

limsup A,, = [A,, infinitely often (i.0.) |
n—oo

and
liminf A,, = | eventually all A,]

n—o0

Obviously, foreachn = 1,2, ... we have
with B B
A,11 C A, [Monotone decreasing]

and
A, CA,,, [Monotone increasing]

By continuity of P it follows that

P [lim supA,| = lim P [ _n}

n—00 n—o0

and

P [hminf Al = lim P[A,]

n—oo J n—oo

The collection {A,,, n =1,2,...} will be said to converge if

limsup A,, = liminf A4,
n—00 n—oo
in which case
lim A, =limsup A,, = liminf A,
n—oo n—oo n—oo
and
lim P[A,] =P | lim A,

This holds without any monotonicity assumption on the collection {A,, n =
1,2,...}.
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Conditional probabilities
With A and B events in F such that P [B] > 0, define the conditional probability
of A given B by

P[AN B]
P[B]
When P [B] = 0 it is customary to take [P [A|B] to be arbitrary in [0, 1].
However, when P [B] > 0 define the mapping Qp : F — [0, 1] by

P[A|B] ==

P[AN B]

575 . AcF

QB (A) =
It is easy to show that Qp : F — R is a probability measure on . Incidentally it
is this fact that is often invoked to justify that P [ - | B] be selected as a probability
measure on F when P[B] = 0.

The relation
P[A|B]P[B]=P[ANDB], AeF

is always true regardless of P [B] > 0 or not.

Three easy consequences
With [ a countable index set, let {B;, i € I} be events in F that form a partition
of ,1i.e.,

ijel

. . and U; Bl =
i#] <

e Law of total probabilities: Because A = U;c;(A N B;), we have
P[A] = ) P[AnB
icl
(1) — Y PIAIBIP[B], AecF.
icl
Put differently,
PlA] = ZQBi(A)P[Bi] , AeF

el
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e Bayes’ rule (From prior probabilities to posterior probabilities): Consider
any event A in F such that P[A] > 0. For each k in I, we have

P[B, N Al
P[A]
P[AN By
Zie[ P [A N Bi]
P [A|By] P [By]
> icr PIA[B P[Bi]

P[BlA] =

2) =

e Modeling sequential decision making: If ] is a finite set, say I = {1,...,n},
we have
PlAN...NA]=]]PlAlAIN...NA]-P[A].

=2
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Associated o-fields
Let I denote an index set (not necessarily countable). If { F;, ¢ € I} is a collection
of o-fields on (2, then the o-field A;c;F; defined by

NertFi ={E€P(Q): Ee€F,icl}

is also a o-field on €2 (sometimes referred to as the intersection o-field). It is the
largest o-field on (2 that is contained in each of the o-fields {F;, i € I}.

Let G denote a collection of subsets of €2, so G C P(2). The notation o(G) will
be used to denote the smallest o-field on €2 that contains G: The o-field o(G) can
be interpreted as

U(g> = /\aeAga
where {G,, a € A} is the non-empty collection of all the o-fields on 2 which

contain G, namely
GCG, acA.

This collection is not empty because P(£2) is a o-field that contains G.

Fact: Let G; and G, denote two collection of subsets of €2 such that G; C G, then
it holds that

d(G1) Co(G).

Terminology: Consider G and F two collections of subsets of {2 with G C F. If
F is a o-field on €2 and

F=0(G),
then we say that G generates F, or equivalently, G is a generating family (or a
generator) for F.

Example 1: Infinite coin tosses
The experiment £ consists in repeating a coin toss under “identical and indepen-
dent conditions” with a fair coin (so that the likelihood of occurrence of Head is
the same as that of Tail). It is convenient to take the sample space €2 to be {0, 1},
1.e.,

Q={w=(w,ws,...): wpe{0,1}, k=1,2,...}

with the understanding that w;, = 1 (resp. wj, = 0) if the k" toss yields Head
(resp. Tail).

Note that {2 has the same cardinality as the unit interval [0, 1] (hence is un-
countable). How should we construct F (and P)?
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e It is natural to require that for any n = 1,2, ..., any collection of outcomes
determined by the first n tosses should be an event in F — After all one
should expect that the model we are seeking to construct would also contain
a model for each of the finite toss experiments. In particular, with any given
binary sequence (b1, ..., b,) of length n, consider

=b
3) Fn(bl,...,bn>z{w=<wm~~->€9: b }

It is plain that / must at least contain these events, i.e.,

4) Fo(by,....b,) € F

Fairness (which is essentially a uniformity condition) requires that
5) P[F.(by,...,by)]=27"

since P[F,,(by, ..., b,)] should not depend on (b1, ..., b,) and there are 2"
distinct sets of the form (3). Note also that

Um0,y Fn (b1, .. bn) = €

e It is therefore natural to take

f:a(ml,...,bn): bl’;;;bfgf?_’l}):a(g)

where the generator G is the collection

bi,...,bp €{0,1
gE{Fn(bl,..-,bn): 1n:12.{.. }}'

e The o-field F so defined is very large/rich but does not coincide with P(€2).
It does however contain some events that do not depend on a given finite
number of tosses, e.g.,

F = {w — (w1, wn,..) €EQ: A even number of tosses needed }

before observing Head
= Ul Eo
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where for each £ = 1, ... we have defined

wlz...:wk_lzo
Ery=1Qw=(wi,ws,...) €0Q: and
wkzl

Note that Fy, = Fy(0,...,0,1).

e Measure Theory tells us that that there exists a unique probability measure
P on F so that (5) holds foralln = 1,2, .. ..

Example 2: Selecting a point at random in the interval [0, 1]
A particularly important case is that of equipping the non-countable interval [0, 1]
into a measurable space on which probabilities can be defined through a proba-
bility measure. This corresponds to the random experiment where you select at
random a point in the finite interval [0, 1], so here 2 = [0, 1]. Intuitively we could
proceed as follows to define F and PP (denoted here A for Lebesgue measure).

A well-known fact of topology on R: Any open subset U in R can be expressed as
the union of a countable collection of non-overlapping open intervals, i.e., there
exists a countable collection {.J;, i € I} of open intervals of R such that

) k#10
(6) U= UieIJi with Jk; N Jg = @, k?,ZAE I

To define the appropriate o-field F and the probability measure A on it, it is natural
to proceed as follows:

(i) For any interval [, 3 = [a, 5] C €, set
Mo, ]) = B — .

(i1) Thus, with o = 3, A\({a}) = 0 for all « in €.
(i11) It follows that
M(a,8)) =B —a

by continuity of probability measures applied to the sequence of open inter-
vals {(a« — L, 6+ %), n=1,2,...}.
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(iv) Union of countable collections of open intervals should be in . Therefore,
by the well-known fact (6) we see that every open set U C (0, 1) is in F

with
MU) = A)
ied
where the notation and the assumptions are the ones used in (6).

(v) Therefore, since a set F' of [0, 1] is closed if and only F“ is open, we con-
clude that every closed set F' C (0, 1) is also in F with A(F') =1 — A(F°).

(vi) Any countable union of open subsets should be in F

(vii) Any countable intersection of closed subsets should be in F

This leads to defining F as
F = o (Z(]0,1]))

where Z([0, 1]) denotes the collection of all open intervals contained in [0, 1].
The o-field o (Z(]0, 1])) is called the Borel o-field on [0, 1] and is denoted by
B([0, 1]). However, by the well-known fact (6) it follows readily that we have also
the characterization

B([0,1]) = o (O([0, 1]))
where O([0, 1]) denotes the collection of all open sets contained in [0, 1].
Borel o-fields

More generally, with I denoting an inferval (closed or open or neither, finite or
not), we define

B(I) = o (O(1))

where O(I) denotes the collection of all open sets contained in I. The o-field
o (O(I)) is called the Borel o-field on I and is denoted by B(]).

This notion can be further extended: With A denoting a subset of R? for some
positive integer p, we write

where O(A) denotes the collection of all open sets contained in A. In particular,

B(R?) = o (O(R"))
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where O(R?) denotes the collection of all open sets contained in R”.
Note that the general definition of a Borel o-field uses the collection of open
sets as a generator for in higher-dimensions there are no intervals!

Definitions and some simple facts
Consider mappings g : €2, — , and h : €, — Q. where €),, €, and 2. are
arbitrary sets (possibly identical).

Let B be a collection of subsets of €2, (so B C P(£2)). With
g_l(B) = {g_l(Fb) . Fy e B},
it is always the case that

(7) g ' (o(B) =0c(9'(B)).

Proof. The collection g~! (c(B)) is a o-field on €2, and it contains g~!(B), hence
the inclusion

o (g7 '(B)) C g ' (a(B)).

To establish the reverse inclusion, consider the collection B, of subsets of (2,
defined by

B,={FR,CY: g '(F)eo(s'(B))}.

It is plain that B, is a o-field on {2;; as it obviously contains 3, it must also contain
o (B) and the inclusion

g (e(B)) S (g7(B)).

follows.

Define the mapping & o g : €2, — €2, obtained by composing g with h through
(h Og)(wa) = h(g(wa))a w € Qa
If C be a collection of subsets of €2, (so C C P(€2.)), then

(hog)™(C) =g~ (R (C))
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Borel mappings
Consider an arbitrary set .S equipped with a o-field S. A mapping g : S — RP is
said to be a Borel mapping if the conditions

(8) 9 (B)eS, BeB(RP)

are all satisfied where

g ' (B)={s€S: g(s) € B}.

Fact: If g : S — R?” and h : R? — R? are Borel mappings, then the composition
mapping h o g : S — RYis also a Borel mapping.

Proof. This is a simple consequence of the fact that
(hog) (B)=g" (k"' (B)), BeBR.

Thus, ! (B) is an element of B(R?) by the Borel measurability of h, whence
(ho g)~" (B) s an element of B(R?) by the Borel measurability of g.

An important fact: Let G denote a collection of subsets of R” which generates
the Borel o-field B(R?), i.e.,

) B(R?) =0 (7).

It holds that the mapping g : S — RP is a Borel mapping if and only if the weaker
set of conditions
(10) g E)eS, Ecg

holds.

Proof. One implication is trivial since the conditions (10) constitute a subset of
the conditions (8). To prove the reverse implication consider the collection &,
given by

E,={ECR": g/(E) e S}.
The collection &, is a o-field on R? because S is a o-field on S. Under condition
(10) we note the inclusion G C &, hence o (G) C &, and the conditions (8) all
hold since o (G) = B(R?) by assumption.

There are many generators known for the Borel o-field B(IR?). For instance, we
have (9) with
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o G = Ropen(R?) where Rpen(RP) is the collection of all finite open rectan-
gles, i.e.,

Ropen(R?) = {Il x...x1, ;{;Ikzelz_(,ﬂé)p }

where
Z(R) ={(a,b) : a,b R}

Use the following fact: For any open set U in R” there exists a countable family of
openrectangles {R;, i € I} in Ropen(R?) with countable I such that U = U;¢/ R;.
It is the analog of a similar fact encountered in one dimension.

o G = Rsw(RP) where Rew(RP) is the collection of all closed Southwest
rectangles, i.e.,

Iy = (—OO,CLk]
Rsw(RP) = ¢ I x ... x I, ap € R
k=1,...,p

It follows from the discussion above that a mapping g : S — RP is a Borel
mapping if the seemingly weaker conditions

p
{s €S:g(s) e H(—oo,ak}} €S, (ar,...,ay) €R?
i=1
all hold. Equivalently, a mapping g : S — RP is a Borel mapping if
{seS: g(s)<ap, k=1,...,p} €8, (a1,...,a,) €R?

where it is understood that

g(s) = (g1(8),-..,gp(s)), se€8b.

It is now plain that for each k = 1,. . ., p, the component mapping g : S — R
is also a Borel mapping — Just take a, = oo for all / = 1, ..., k different from k.
Conversely, since

{se€S:gi(s)<ap, k=1,...;p} =M _1{s€S: gr(s) < ax}
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for arbitrary (ay,...,a,) in R?, we see that the mapping ¢g : S — RP? is a Borel
mapping if and only if each of the component mappings ¢; : S — R,... g, :
S — R is a Borel mapping.

Most (if not all) mappings R? — R? encountered in applications are Borel
mappings. Furthermore, any continuous mapping R? — R? can be shown to be a
Borel mapping!
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Random variables
Given a probability triple (£2, F,P), a mapping X : 2 — RP is a random variable
(rv) if

X' B)={weQ: X(w)eB}yeF, BecBR").

In other words, the mapping X : {2 — RPis arv ifitis a Borel mapping X : {2 —
R? — Here S = Q and S = F. We shall often write [X € B] in lieu of X! (B)
and P[X € B|for P[[X € B]|.

In view of the earlier discussion the mapping X : €2 — RP? is a rv if and only

{we: Xyw)<ay, k=1,....,p} € F, (@,...,a,) €R?
where it is understood that
X(w)=(X1(w),....Xp(w)), wel.
This last condition can also be rewritten as
M [ Xk <a) e F, (ar,...,a,) €RP

It is now plain that for each £ = 1,..., p, the component mapping X; : {2 — R

is also a rv — Just take a, = oo for all £ = 1,..., k different from k. Here as
well, we conclude that the mapping X : {2 — RP? is a rv if and only if each of the
component mappings X; : @ = R, ..., X, : Q = Risarv.

Probability distribution functions
The probability distribution (function) Fx : RP — [0, 1] of the rv X is defined by

Fx(z) = P[X € (—o00,21] X ... X (=00, z]]
(11) = PXi<uz,...,X, <z, z=(r1,...,2,) € RV,

with the notation X = (X,...,X,).
It turns out that there is as much probabilistic information in the probability
distribution Fy : R? — [0, 1] of the rv X as in

{P[X € B], Be€B(R"}
In fact, knowledge of F'y : R? — R allows a unique reconstruction of

{P[X € B], Be B(RP)}.

Properties of F'x (Case p = 1): It is easy to see that the following properties
hold:
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e Monotonicity:
Fx(z) < Fx(y), z,y€R
e Right-continuous:

lim Fx(y) = Fx(z), xz€R

ylz
o Left limit exists:

lim Fx(y) = Fx(z—) with P[X =2| = Fx(y) — Fx(z—), xz€R

ytz
e Behavior at infinity: Monotonically

lim Fx(z)=0 and lim Fy(z)=1

Tr—r—00 T—r00

A probability distribution (function) on R is any mapping F' : R — [0, 1] such
that

e Monotonicity:
Flr) < Fy), z,yeR

e Right-continuous:
lim F(y) = F(x), z€R
ylz

o Left limit exists:
lim F(y) = F(z—) z€eR

ytz

e Behavior at infinity: Monotonically

lim F(z)=0 and lim F(z)=1

T—r—00 T—00

Important fact: Any rv X : 2 — R generates a probability distribution function
Fx : R — [0, 1]. Conversely, for any probability distribution function F' : R —
0, 1], there exists a probability triple (ﬁ, F, Iﬁ’) and arv X : Q — R defined on it
such that

P[)zgx}:F(x), zeR
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This is the basis of Monte-Carlo simulation. There exists a multi-dimensional
analog to this fact.

Proof. Take Q = [0,1], F = B([0,1]) and P = \. Define the rv X : Q — R by
setting 3
X(w)=F (w), welo,1]

where F'~ : [0, 1] — [—00, 00| is the generalized inverse of F' given by
F(uy=inf(zreR: u<F(z)), 0<u<Ll

with the understanding that F'~ (u) = oc if the defining set is empty, i.e., F'(z) < u
for all x in R.

Discrete distributions
Arv X : Q — RP is a discrete rv if there exists a countable subset S C RP such
that

PXeS|=1
Note that

PXeB =)

It is often more convenient to characterize the distributional properties of the rv
X through its probability mass function (pmf) of the rv X given by

P[X =z], B eBR?).

x€SNB

Dx = (pX(33>, VIS S)

with
px(z) =P[X =2z], z€b.

Well-known examples of discrete rvs (and of their distributions) include:
(i) Bernoulli Ber(p) (with0 <p <'1)
(ii) Binomial Bin(n;p) (withn =1,2,...and 0 <p < 1)
(iii) Poisson Poi(\) (with A > 0)

(iv) Geometric Geo(p) (with 0 < p < 1)
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Absolutely continuous distributions
Arv X : Q — RPis an (absolutely) continuous rv if there exists a Borel mapping
fx : R? — R, such that

PIX;, <x,i=1,...,p :/ fx(&)de, = (xy,...,2,) € RP.

Well-known examples of continuous rvs (and of their distributions) include:
(i) Uniform U(a, b) (with a < bin R)
(ii) Exponential Exp(\) (with A > 0)
(iii) Gaussian N(m, 02) (with m, o in R)

(iv) Cauchy C(m,a) (with m, a in R)

Properties of 'y when p > 1

e Monotonicity needs to be modified and now reads

Tr < Yk
Plzr < Xk <] >0, T, Y € R
k=1,....p

with the understanding that the quantity P [z), < X}, < y;] is expressed solely
in terms of Fx : R? — [0, 1].

e Right-continuous:

lim Fx(y) = Fx(z), z€R?

ylz
with the understanding that v, | ) foreach k= 1,... p.

o Left limit exists:

lim Fx(y) = Fx(x—) with P[X =z|= Fx(y) — Fx(xz—), z€RP

yltz

with the understanding that v, T ) foreach k= 1,... p.
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e Behavior at infinity:

lim Fx(z)=0

min(zg, k=1,...,p)—>—00

and
lim Fx(x)=1

min(zg, k=1,...,p)—c0

Independence of rvs
Consider a collection of rvs { X;, ¢ € I} which are all defined on some probability
triple (€2, F,P). Assume that for each i in /, the rv X is a RPi-valued rv for some
positive integer p;.

With [ finite, we shall say that the rvs {X;, i € I} are mutually independent
if for each selection of B; in B(RP¢) for each i in I, the events

{{(XieB),iel}
are mutually independent. It is easy to see that this is equivalent to requiring

B; € B(RPi)

P [Nier[ X € Bi] :HP[Xi € B, iel.

el

More generally, with [ arbitrary (and possibly uncountable), the rvs {X;, i €
I} are said to be mutually independent if for every finite subset J C I, the rvs
{Xj, j € J} are mutually independent!

Product spaces
Some facts: Consider two arbitrary sets €2, and €2, (possibly identical). Let .4 and
B denote non-empty collections of subsets of €2, and €2, respectively. While the
collection A x B is usually not a o-field on 0, x €, even when A and B are
themselves o-fields, it can be shown that

c(AxB)=0(c(A) xo(B)).

Consider the probability triples (€2, F1,P1), ..., (9,, Fp,Py). Their Cartesian
product is the set 2 defined by

Q=0 x...xQ,.
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We introduce the collection F; X ... x F, of subsets of {2 given by

Fy, G.Fk, }

flx...x]-"p:{le...pr, - )

We write
Fi@..0F, =@ 1 Fr=0(F1 x...xF,).

Note that
o(Fix...xF,)=0(c(F1) x...x0(F)).

The product probability measure P is defined on ®%_, F}, as follows: For any

rectangle
. e F,

R=F x...xF, R »

set

(12) P(R] = [ Pxl[Fil-

So far, IP is defined only on F; x ... x F,. However, Measure Theory guarantees
that there exists a unique probability measure on the o-field

o(o(Fi) X ... xo(Fp))

such that (12) holds.

An important modeling fact: Under P, the events

El :A1XQQX...XQP
E2 = Ql><A2><...><Qp

E, = Q9 xQyx...xA4,

P
are mutually independent with

Taking limits
Consider the sequence of R-valued rvs {X,,, n = 1,2, ...} which are all defined
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on the same probability triple (€2, F,P). The following mappings {2 — [—00, 0]
are rvs in the extended sense:

The supremum mapping 2 — [—o00, o] defined by

w—sup Xpp(w), we
n>1

The infimum mapping 2 — [—o0, oo] defined by

w — inf X, (w), we.
n>1

The limsup mapping 2 — [—o0, co] defined by

w — limsup X, (w), w € Q.

n—oo
The liminf mapping 2 — [—o00, 0| defined by

w — liminf X, (w), w € Q.
n—oo

It follows that
Q" = |liminf X,, = limsup X,,| € F

n—00 n—00

and on Q*, it holds that lim,,_,., X, exists (possibly as an element in [—o0, o0]),
and is the common value assumed by lim inf,, ,, X, and lim sup,, . X,.
When P [Q*] = 1 it is customary to say that the sequence {X,,, n =1,2,...}
converges almost surely (a.s.) (under IP), and we write
lim X, P-a.s.

n—o0

In that case, for any rv X : {2 — R such that
X(w)=lim X, (v), we*
n—oo

we shall write
lim X,, = X DP-as.

n—oo
Such a rv X always exists when [P [(2*] = 1 but is not unique. Existence is imme-
diate since we can always take

liminf, . X,(w) = limsup,, . X,(w) ifw e Q*
X(w) =
Z(w) ifwegQ

where Z : () — R is some arbitrary rv, and non-uniqueness is obvious.
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Simple rvs
Arv X : Q — Ris a simple variable if

kel

where (i) [ is a finite index set, (ii) {ay, k € I} are scalars (not necessarily
distinct) and (iii) the subsets { Ay, k € I} form an F-partition of (, i..e., the
subsets { Ag, k € I} are all in F with

k#1
UkeIAk =0 and Ak N Ag = (Z) f, ki TI.
This representation is not necessarily unique. In many arguments it is custom-
ary to assume that the values {ay, k € I} are distinct scalars and that the events
{Ayg, k € I} forming the F-partition are all non-empty, in which case { X (w), w €
Q} ={ax, k€ I}and

Ak:[X:ak], kel

We refer to this representation as the generic representation of the simple rv. There
is no loss of generality in using the generic representation as will shortly become
apparent.

Fact: For any rv X : 2 — R, there exists a monotonically increasing sequence
of simple rvs {X,,, n =1,2,...} such that

Xo<Xo1 <X, n=12,...

and
lim X, = X.

n—oo
For instance, for eachn = 1, 2, .. ., define the simple rv X, : {2 — R, by
n—12"—1
(13) Xo=3_ Y (m+k2")1[m+k2" <X <m+ (k+1)27"]

m=0 k=0

Expectation of rvs
Consider a probability triple (€2, F,P), and let X :  — R denote an R-valued
rv defined on this probability triple. The operation of expectation associates with
every R-valued rv X :  — R a value in [—00, o], denoted [E [ X]; this value can
be interpreted as an average value for X as weighted by its probability distribution
Fx. The definition given shortly is guided by the following considerations:
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(i) When defined, the quantity E [X] is uniquely determined by the probability
distribution F'y : R — [0, 1] of the rv X.

(ii) The expectation of the indicator function of an event [X € B] should coin-
cide with its probability, namely

E1[X e B]]=P[X € B], BeB(R).
(ii1)) The expectation of an R, -valued rv is always well defined (although it could

be infinite) while the value of a bounded rv is also well defined

(iv) When defined, the quantity E [X] is defined independently of the type of
distribution F'x, say discrete or absolute continuous, but its definition will
coincide with the usual elementary definitions given in elementary courses
in Probability Theory.

(v) The operation is expected to be linear under very broad conditions, namely
for R-valued rvs X and Y, we have

ElaX +8Y]|=aE[X|+FE[Y], «o,f€R
whenever the involved quantities on the right handsome are well defined.

(vi) The operation is monotone in that E [X] > 0 if X > 0. More generally,
for two rvs X and Y such that X < Y, it is desired that E [X] < E[Y]
whenever these expectations are well defined

The expectation operation is basically defined as a Lebesgue-Stieltjes integral
(either under P or under Py ). We shall write alternatively,

mmzéxwww)

and
MM:AM&@)

Important special cases
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(i) Moments: With r = 1,2, .. ., we define the 7' moment of X by
m, = E[X"]
while for any > 0 the absolute moment of X is well defined and give by
pr = E[X]T.
(i) Transforms: For RP-valued rv X,

— The characteristic function of X:
Oy (0) =E [ei”] , OERP
— The moment generating function of X:
Mx(tX)=E [et’X} , tER?
— The probability generating function of X of a N-valued rv X,
Gx(z)=E [ZX] , ZE

Defining expectations
It is a three step process:

e Step 1: For indicator rvs and for simple rvs

e Step 2: For non-negative rvs through an approximation argument in terms
of simple rvs

e Step 3: For arbitrary rvs by noting the decomposition

X=X"-X".

Simple rvs

A. Indicator rvs: With X = 1 [A] for some A in F, set

E[X]=E[1[4] =P[4].



©1997-2016 by Armand M. Makowski 28

B. Simple rvs: With simple rv X given by
X = Z CLkl [Ak] y
kel

we have

E[X] =) aiP[A].

kel

This definition is independent of the representation used: If the simple rv X :
2 — R admits the two representations

X = Zakl [Ak:] and X = Z bf]- [Bf] )
kel Led

kel led

then

and E [X] is this common value.

Proof: There is no loss of generality in a assuming that there are no duplications
in the set of values {ay, k € I}. Since {ax, k € I} = {b;, ¢ € J}, for each k in
I we must have

> uP[B] = ak~< > ]P’[Bg])

Led: bp=ay led: bp=ay

as we use the fact that
Ure: by=ay Be = Ap.

C. Linearity: If X and Y are simple rvs, then for every scalars « and (3, the rv
aX + BY is a simple rv and we have

ElaX + Y] = aE[X] + SE[Y]

D. Monotonicity: If X and Y are simple rvs such that X <Y, then
E[X]<E[Y].
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In particular, if X > 0, then E [X] > 0.

E. If X is a simple rv, then we have the inequality

[EX]| <E[X]].

Proof: With X = %, _, a;1[A], elementary algebra shows that

> arP[A]

kel

< Ja[P AL

kel

F. If X is a simple rv with X > 0, then E [ X| = 0 implies X = 0 P-a.s.

Proof: The condition X > 0 implies a; > 0 for all £ in /. Now, if

> apP[A] =0,

kel

then for all k£ in / we must have a;P[A;] = 0. Thus, either P[A;] = 0 > 0
in which case a;, = 0, or P[A;] = 0. The set Ay = Uger. pja,—oP [As] has
probability measure zero, i.e., P [Ag] = 0, and X = 0 on the event {2 — A, (which
has probability measure 1) — Thus, X = 0 P-a.s.

Non-negative rvs
Considerarv X : Q2 — R, and let the monotone sequence of simple rvs { X,,, n =
1,2,...} given by (13) and which approximate X from below. We define

E[X] = lim E[X,].

n—o0

Note that E [ X] always exists as an element in [0, +00] due to the fact that the
sequence {E[X,], n=1,2,...} is increasing in R

The limit is independent of the approximating sequence: If {X,, n = 1,2,...}
and {Y,,, n = 1,2,...} are two monotone sequences of simple R, -valued rvs
which approximate X from below, i.e.,

Xp<Xp1 <X and Y, <Y, <X, n=12...
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with
lim X,, =X and limY, =X.

n—oo n—oo
Then,
lim E [X,] = lim E[Y,],

n—o0 n—oo

and the common value is E [ X].

H. For non-negative rvs X and Y (so both E [X] and E [Y] exist in [0, o0]), the
comparison X <Y implies
E[X]<E[Y].

Proof: For eachn = 1,2, .. ., define the simple “staircase” rvs X,,,Y,, : Q@ — R,
defined according to (13), namely

n—12"-1

(15 X, = (m+k2")1[m+k2" <X <m+(k+1)27"]
m=0 k=0

and
n—12"-1

(16) Y, = (m+k27") 1 m+ k27" < X <m+ (k+1)27"]

0

=
Il

0

3
I

For eachn = 1,2,..., we have X,, <Y,, whence E [X,,] < E[Y,,]. Let n go to
infinity in this inequality. We conclude by noting that lim,, ., E[X,] = E[X]
and lim,, ., E[Y,] = E[Y].

General case
Consider arv X : 2 — R. We introduce the R -valued rvs Xt and X~ given by

Xt =max(0,X) and X =max(0,—X).
It is plain that
X=X"-X" and [X|=XT+X".

Note that E [X 7] and E [ X ~| are both well defined (possibly infinite).
We now define
E[X]=E[X] —E[X]

provided at least one of the quantities IE [X ]| and E [X | is finite. Thus, three
cases are possible:
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We have (i) E [X] finite if both E [X ] and E [X ~] are finite, (ii) E [X] = co
if E[X*] = oo and E [X ] is finite, and (iii) E[X] = —c0 if E[X ] = oo and
E [X*] is finite. When E [Xt] = E[X ] = oo, the expectation of X does not
exist.

In general, E [X] exists and is finite if and only if E [| X |] is finite. In particular,
when X is bounded, i.e., there exists a constant M/ > 0 such that | X | < M P-as.,
then

| X, <M P—as.

for every n = 1,2,..., it is plain that E [X] exists and is finite with —M <
E[X] < M.

G. If E [ X] exists, then for any scalar  in R, E [aX] exists and

E[aX] = aE [X].

H. If both E [| X|] < oo and E [|Y|] < oo, then
EX+Y|=E[X]+E[Y]

K. If both E [X] and EE [Y] exist, then X <Y implies
E[X]<E[Y]

Proof: It is a simple consequence of the observation that X* < Y* and Y~ <
X~

L. If E [ X] exists, then
[E[X]] <E[X]].

Proof: Note that
EX]=E[XT]-E[X]
so that
E[X]| <E[X*]+E[X~] =E[X]].

M. If E [ X] exists, then for every A in F, E [1 [A] X] exists; it is finite if E [X] is
finite.
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N.If X =0as.,thenE[X]| =0

PIf X =Y as withE[|X]|] <oo,thenE[|Y]|] < ccand E [X] =E[Y]

Q.If X > 0and E [X] =0, then X =0 a.s.

As pointed earlier, with rv X : 0 — R? we have
E L (QF,P) Jo X (w)dP(w)
(C;X . (RP,B(RP),]P)(> fodpx(.fI?)

The expectation operation is basically defined as a Lebesgue-Stieltjes integral (ei-
ther under P or under Py ). We shall write alternatively (with p = 1),

E [X] :/QX(w)dIP’(w)

and

E[X] = /R 2dPy () = /R vd Py (x).

Change of variable formula
Consider an RP-valued rv X : 2 — RP. With Borel mapping g : R? — R, it holds
that

Elo(X)] = [ gla)dFx(o)

with the understanding that if one of the quantities is well defined, so is the other
and their values coincide.

Proof: If g : R? — R is of the form
g(z)=1x € B], zeR?

for some Borel set B in B(R?), then

EmXﬂszGEZPﬂEZEﬂ%H:/9@%&@)

RP
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Assume now that g : R? — R is simple in the sense that

g(x):Zgil[xeBi], r €RP

il

Then,

Elg(X)] = E

Zgil [X € Bj

el

= ZgiE [1[X € By
= Y gP[X € B

i€l

= Su [ 1B @)iFs@

iel RP

(17 =4g@wmw

If g : RP — R,, then we generate the sequence of simple mappings {g,, n =
1,2,...} where for each n = 1,2, ..., the Borel mapping g,, : R? — R is given

Elo(X)] = [ gla)dFx(z).

follows by the Monotone Convergence Theorem (under P and Py).

In the general case g : R? — R, write
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and by linearity, we get

E[g(X)] =E [g(X)"] —E[9(X)]

Convergence results for expectations
Consider a sequence {X,Y, Z, X,,, n =1,2,...} of R-valued rvs.

Monotone Convergence Theorem
WithY < X,, < X,y foralln =1,2,... where E[Y] > —oc0, we have

(18) lim E[X,] = E [lim Xn]

n—oo n—o0o
monotonically. With X > X, > X, foralln = 1,2,... where E [X] < oo, we
have

(19) lim E[X,] = E [lim Xn]

n—0o0 n—oo

monotonically

An important consequence of the Monotone Convergence Theorem is as follows:
Let {X,, n =1,2,...} denote a sequence of R -valued rvs. It follows from the
Monotone Convergence Theorem that

ZXn] => E[X,)]

E

This is because, with

Sp=>) Xp, n=12, ..
k=1
non-negativity implies 0 < S, < S,y foralln = 1,2, ..., whence

lim E[S,] = E [hm Sn}

n—oo n—oo

by (18). By linearity, we have

n

E[S,) = Y E[X]

k=1

s0 that lim,,_,s0 E[S,] = 3250, E [X,.], while lim,, ., S, = 32°°, X,..
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Fatou’s Lemma
With X, > Y foralln = 1,2,... where E [Y]| > —oo, we have

(20) E [lim inf Xn] < liminfE[X,].

n—o0 n—oo

With X, <Y foralln =1,2,... where E [Y] < 0o, we have

(21) limsupE [X,| <E [lim sup Xn} .

n—oo n—o0

Counterexample: Take 2 = R, 7 = B(R) and the rvs {X,,, n = 1,2,...} are
given by
0 ifwé [} 2]
Xn(w) = :
—n ifwe [, 2]

n’n

w e N
n=23,...

Bounded Convergence Theorem
Assume that there exists arv X : Q — R such that lim,,_,., X,, = X. If there
exists M > 0 such that foreachn =1,2, ...,

then
(22) E [lim Xn} — lim E[X,] = E[X].

Dominated Convergence Theorem
Assume that there exists arv X : Q — R such that lim,,_,., X,, = X. If there
existsarv Y : 2 — R, such that

| X, <Y

forallm =1,2,... with E[Y] < oo, then

(23) E [lim Xn} — lim E[X,] = E[X]

n—oo n—oo

Independence and expectations
Consider two rvs X, Y : (2 — R, which are assumed to be independent.
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e If X and Y are simple rvs, then the product rv XY is also a simple rv and
the relation
EXY]=E[X]E[Y]

holds

e If X and Y are non-negative rvs, then E [X] and E [Y] are always defined
(although possibly infinite) and the relation

E[XY]=E[X]E[Y]
still holds.

e In the general case,
EXY]=E[X]E[Y]

whenever E [| X|] and E [|Y|] are finite.

Fact: Consider rvs the X; : 2 — RP', .., Xi : Q — RP* which are mutually
independent. With Borel mappings ¢; : RP* — R, ..., gx : RP* — R, define the

Ivs
}/g:gg(Xg), g=1,,k

The R-valued rvs Y7, ..., Y}, are mutually independent, and
k k
E|[]v:| =]]EWM
=1 =1

whenever E[|Y,|] < ooforall{ =1,... k.
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A definition
Let D be a o-field on €2 contained in F,i.e., D C F. Arv RP-valuedrv X : Q2 —
RP? is said to be D-measurable if

[X € Bje D, B e B(RP).

This definition is often used when the o-field D is itself generated by some rv
Y : Q — RY this o-field is denoted o(Y") and is defined

oY)={YNC): C e B[R}

as expected.

Important fact: Assume the o-field D to be generated by some rv Y : 2 — R,
sothat D = o(Y):
(i) For any Borel mapping ¢ : R? — R, the rv X = g(Y") is D-measurable.
(i1) Conversely, any D-measurable rv X : 2 — R can be written in the form
X = g(Y) for some Borel mapping g : R? — R.

(1) The conclusion is immediate from the fact that

(X eB] = [¢9(Y) € B]
(24) = [Yeg ' (B)]eD, BEeBR).

since Y is D-measurable and g~!(B) belongs to B(IR?) by the Borel measurability
of g.

(i1) Conversely, assume that the rv X : 2 — R is D-measurable. The proof
proceeds in three standard steps:

e First assume that X = 1[D] for some D in o(Y), in which case D =
Y € C] for some C' in B(R?). It is now plain that X = g<(Y") with Borel
mapping gc : R? — R given by

0 ify¢C

gc(y) =
0 ifyeC.
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The desired conclusion is readily seen to hold for simple D-measurable rvs
of the form

where [ is a countable index, {a;, ¢ € I} are scalars and {D;, i € I}
form a D-partition of 2. Indeed, we have X = ¢(Y") with Borel mapping

g : R? — R given by
9(y) =D aige,
el
where for each i in /, we have D; = [Y € C;] for C; in B(RRP).

e For any non-negative D-measurable rv X : (2 — R, we introduce the
usual sequence of simple rvs {X,,, n =1,2,...} given by

ko [k k+1
X, = §2—1b;<xg W}, n=12...

with lim,, ., X,, = X. Obviously, the simple rvs {X,,, n = 1,2,...} are
all D-measurable, hence by the last part of the proof, foreachn = 1,2, ..,
there exists a Borel mapping g,, : R? — R such that

Xpo=0g.Y), n=1,2,...
and that

X(w) = lim X, (w) = lim g,(Y(w)), w e

n—o0 n—oo

Now define the subset L C R? by
L={yeR?: lim, o gn(y) exists in R}

The set L is a Borel subset of R?, whence the mapping g : R? — R given
by
limy, o0 gn(y) ify € L

0 ify¢L

is a Borel mapping R? — R . By construction it is plain that X = g(Y)
since Y (w) lies in L for each w in €.
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e The case of any D-measurable rv X : 2 — R is handled in the usual

manner: Just write
X=X"-X"
and apply the last conclusion to each of the rvs X and X . In particular,
there exist Borel mappings g, : R? — R and g : R? — R such that
Xt =g, (Y)and X~ = g_(Y). The desired Borel mapping g : R? — Ris
simply
9(y) = 9+(y) —9-(y), yeR™

Conditional distributions and condition expectations
Let D be an event in F, and let X : 2 — R be an R-valued. With P [D] > 0, we
can define the conditional probability distribution of X given D, namely

P[[X <] D]
P[D] ’

P[X <z|D] = x € R.

It is now possible to define the conditional expectation of X given D; it is
simply the expectation of the rv X evaluated under the conditional probability
measure Qp : F — [0, 1]; it will be denoted E [ X |D]. It is easy to see from the
definition of expectation that

E[X|D] =

This quantity exists as soon as E [ X] is well defined. This fact and the last expres-
sion for it can be seen by the usual three step process: First for indicator rvs and
simple rvs, then for non-negative rvs and finally for arbitrary rvs (by the standard
decomposition).

When P [D] = 0, it is will be convenient to take Qp : F — [0, 1] to be an
arbitrary probability measure on (2, ) — To be revisited. However, regardless of
the choice we will always have

(25) E[1[D] X] = E[X|D] - P[D].

Consider an F-partition {D;, i € I} where I is a countable index set, i.e.,

AD. g FT
D;nD; =1, 1,j€l
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and
UierD; = Q.
It is plain that
(26) Y 1[D]=1.
iel

Throughout the events in the partition are assumed to be non-empty.
Set D = o (D;, i € I). Note that any element D of D is necessarily of the

form
27 D = Ujc;D;

for some countable subset J C I (possibly empty if D = Q) or J = [ if D = Q).
The decomposition

(28) > 1[D]=1[D].

jerJ

will be used on several occasions.

Fact: Considerarv X : 2 — R? which is D-measurable where D = o (D;, i € I).
For each i in I, the rv X is constant on the event D; so that the set { X (w), w € Q}
is a countable set of points in R”.

Proof: For each x in R?, the D-measurability of X implies that [X = z] is
an element in D. The result immediately follows since any element D of D is
necessarily of the form (27) for some countable subset J C 1.

An important definition
Consider arv X : Q — RP. For each B in 5(IR?) define the rv

P[X € BID] = Y P[X € B|Dj|1[D|]

i€l

(29) = Y Qp[X € BI1[D)].

i€l

This defines the conditional probability of [X € B] given D. This rv is clearly a
D-measurable rv in the sense that

[P[X € B|D] e Cl €D, C e B(R)
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as we note that

[P[X € B|D] € C] = Uier ([P[X € BID] € C|N D)
= Uiesr ([P[X € BID;] € C]N Dy)

Uier. pixeB|D;jec Di-

‘We also observe that

E[P(X € B[D]] = E|> P[X € B|D;]1[Dj]
= ) P[X € BIDJE[1[Dy)]
= Y P[X € B|D;]P[D]]

— P[X € B]

by the law of total probability.

Consider arv X : 2 — R We can now also define the conditional expectation of
X given D as

E[X|D] = Y E[X[D]1(D)
i€l
where E [X|D;] is the expectation of X under the conditional probability distri-
bution of X given D,.
The rv E [X|D] is clearly a D-measurable rv in the sense that

E[X|D]eCleD, CeB(R).
Indeed we have

[E[X € BID] € C] = Uier ([E[X € B|D] € C]N D)
Uier ([E[X € B|D;] € C]N D)

= Ujer gxeB|pijecDi-

Consider two F-partitions of €2, say {D;, i € I} and {D;,, k € K}. We say that
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the partition {D;, k € K} is a refinement of {D;, i € I} if for every i in [ it
holds that
D; = Ukek, Dy,

for some non-empty subset K; C K — Note that {K;, i € [} is a partition of
K. The inclusion D C D’ obviously holds where D = o(D;, ¢ € I) and D’ =
o(Dy, k € K).

Iterated conditioning (I)
For any rv X : Q2 — R with E [| X|] < oo, it holds that

(30) E[E[X|D]] = E[X]

Proof: It suffices to consider X : {2 — R,. We have

EEXD] =

i€l: P[D;]>0

= Z E[l [Dz] X]

i€1: P[D;]>0

= E > 1] X

el P[Di]>0

31) = E[X]

upon using (28) together with the fact that } ;. pp, o 1 [Di] = 0 P-a.s.

Iterated conditioning (II)
For any rv X : Q — R with E [| X|] < oo, it holds that

32) E[E[X|D] D] =E[X|D] P-as.
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Proof: It suffices to consider X : {2 — R . With

E[X|D]=> E[X|D;]1[D],

i€l
we have
E[E[X[D]|D] = E|Y E[X|Di]1[D] D
iel
(33) = > E[XIDJE[1[D]|D].
el
For each 7 in [ it holds
E[1[D}][D] = Y E[1[Di]|D;]1[D}]
keK
PID; N D!
= Z Ml [D;] P-as.

keK: P[D}]>0 1Dy
P [D; ,
) Z[ ] ppg 1P

= > 1D

keK;: ]P’[D’

J>0
= Z 1[D,] P-as.
keK;
(34) = 1[Dj].

We have used repeatedly the fact that

P [UkeKi: IP’[DU:OD;C} = Z P[D] = 0.
keK;: P[D}]=0

From this fact we conclude that

E[E[X|D]|D] =Y E[X|D;|1[D] =E[X|D] P-as.

el



©1997-2016 by Armand M. Makowski

Iterated conditioning (IIT)

44

For any rv X : Q — R with E [| X|] < oo, it holds that

(35) E[E[X|D]|D] =E[X|D] P-as.

Proof: It suffices to consider X : {2 — R . With

E[XID] = ) E[X|D{1[D}]

keK
(36) = > E[X|D{1[D;] P-as.

kEK: P[Dy]>0

since

P Uk spgoli| = >0 PIDI=0.

keK: P[Dj}]=0

It follows that

E|> E[X|Di]1[Di]|D

keK

—E| Y EXD1[DY

kEK: P[Dy]>0

D

Therefore, we have

EE[X|D]D] = E|Y EIX|D]1[D] D]

LkeK

= E| >  EKXIDJLD]
| keK: P[D;]|>0
(37) = ) EX|DJEQ[D][D].

kEK: P[D}]>0

D

For each k in K such that P [D;] > 0, we have

E[1[Dy] X]
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and

E[1[D}]|D]

(38)

= ZP [D;c|Dz] 1 [Dz]

el
- Z E[1[Dy]|D]1[D;] P-as.
i€l P[D;]>0
P[D; N D]
- —————11|D;| P-as.
' Z P [Dz] [ z] a.S
1€l: P[D;]>0

Note that for each 7 in I, we have

P[D,] ifk € K;

P[D,ND;| =

0 ifk ¢ K,.

With this in mind, collecting earlier expressions we conclude that

E[E[X|D][D]

P[D), N D]

= 2{:} 2{:] P DI EXID) Pas
_ PDyN D], | EL[D]X]
— %K%M ielipz[;ibo pog P Ty
_ P[D,N D] E[[D]X] |
_ iel:%ibo keK:PZMw P [D;] P[D;] 1[D;]
_ P[D,N D] E[1[D]X] |
_ iek%m keKi:%y]w P[Dj] P[Dj}] 1[Dj]
P[D,] E[1[D,]X
T % b B |
i€l: PIDiJ>0 \ keK;: P[D},]>0
= pfm > ERDX]|1[D]
i€l: P[Di]>0 ‘ keK;: P[D}]>0

45
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1
- Y sl X ama|x|an)
i€l P[D;]>0 ! keK;: P[D}]>0
_ E[1[Di] X]
- ieI:JPZ[;ibo PDi] Hod
39) = E[X|D] P-as.

as we use the fact noted earlier that

> 1D =1[D;] Pas

keK;: P[D}]>0
foreachin I.

An important fact

46

For any rv X :  — R with E [| X|] < o0, it holds that
EX[DIE[X|D]=E[1[D]X], DeD,
or equivalently,

(40) E[1[D] (X —E[X|D])] =0, D e€D.

Proof: Given the structure of the o-field D, it suffices to show this equality for

D = D, as i ranges over [, namely

E[1[D]E[X|D]] = E[1[D;] X],

Since

(41) E[X|D] =) E[X|D,]1[D)]
jeI

we get

EQDJEX|D]] = E

— ZE [X|D,]E[1[D;]1[D;]]

(42) = E[X|D;]P[Di]

1[D;] (ZE [(X|D;]1[Dy]

)
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EX|D;|P[Di] = — =7 -P[Di] = E[1[Di] X]

as desired. On the other hand, if P [D;] = 0, then E [1[D;] E [X|D]] = 0 while
E[1[D;] X] = 0, again as desired.

Another important fact
Consider rvs X, Z : @ — Rwith E[|X]|] < coand E[|XZ|] < c0. If Z is a
D-measurable rv, then

E[ZX|D] = ZE[X|D] P-as.

We begin by noting that

E(ZX|D] = Y E[ZX|D;1[Dj]

el
(43) = 1[D;] P-as.
iel: P[D;]>0 [ ’]

First consider the case when Z is an indicator rv, say Z = 1[D] with D =
UjesD; for some J C I. Pick ¢ in I with P [D;] > 0. Since 1 [D| = >_._,1[D,]
we then have

jeJ

E[1[D]2X] = E[[D]1[D]X]
= E[1[D;ND]X]
= Y E[1[D;N Dj] X]
j E[1[D]X] ifieJ
(44) =
0 ifi¢J.

It follows that

E[ZXID] = )

i€1: P[D;]>0
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i€l: P[D;]>0 P|Di]

icl: P[D;]>0

(45) = E[X|D]1[D].

This establishes the result when Z is the indicator rv of a D-measurable event.
If Z is a simple D-measurable rv, say

Z = bl [Dy]

keK

then the result follows by linearity of expectation.
When Z > 0, write

ZX=Z(X"-X")=ZX"-ZX"

and recall that the usual staircase approximations {Z,,, n = 1,2,...} totherv Z
are simple non-negative rvs which are D-measurable with lim,, ,, Z, = Z. Since
the result holds for simple non-negative rvs which are D-measurable, we get

E[Z,X|D] = Z,E[X|D], n=12,...

Letting n go to infinity in these relations yield the result by the Dominated Con-
vergence Theorem applied to each of the terms [E [Z,, X1 [D;]] for each ¢ in I.

In the general case, write ZX = (Zt — Z7)X = ZtX — Z~ X, and note
that both rvs Z* and Z~ are D-measurable rvs. The proof then proceeds in
the usual manner by applying the previous step to both terms E [Z X1 [D;]] and
E[Z~X1[D;]] for each i in I.

A uniqueness result
Let Z : 2 — R be a D-measurable rv such that E [| Z|] < co. If

E[1[D]Z]=0, DeD

then Z = 0 P-a.s.

Proof: Apply the condition to the D-measurable events D, = [Z > 0] and
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_=1[Z <0, hence E[1[D,]|Z] = 0and E[1[D_]Z] = 0. Noting that
[ W Z > nd —1[D_]Z >0, we get

1[D:]Z=0 P-as.

and the conclusion follows from the obvious decomposition Z = Z1[D_| +
Z1[Z4).

Conditioning with respect to a discrete rv
We briefly discuss how F-partitions are induced by discrete rvs, and how this
ultimately relates to conditional expectations with respect to such rvs: Consider
a discrete rv Y : 2 — RY. By definition there exists a countable subset S C RP
such that P[Y" € S| = 1. For ease of notation, with I countable we shall use the
representation S = {y;, ¢ € I} where the elements are distinct and each of the
events {[Y = y;], ¢ € I} is non-empty. So far we can only assert that the event

Qy =Uier Y = v

has probability one, or equivalently, that the complement €25, has zero probability.
Nothing precludes the set of values

{Y(w), w ¢ Oy}

to form an uncountable set. Only when that set is empty, will the collection {[Y" =
yi], © € 1} be an F-partition of Q.
To remedy this difficulty, with b an element not in S, now define the rv Y :
2 — R given by
Y(w) ifweQy
Y(w)

b 1fw§é Qy.

The collection {[Y = b], [Y = w], @ € I} is now an F-partition of €. The
following facts are easy consequences from the following observation

PIY # Y] <P[Q5] = 0.
e The rvs Y and Y} have the same probability distribution under P.

o If X : 2 — RP is another rv, the pairs (X,Y’) and (X, Y}) have the same
probability distribution under P.
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e Consider a Borel mapping h : R? x R? — R such that E [|h(X,Y)|] < oo
With
Sy ={yi, € I; b} = SU{b},

and D, = o([Y =10], [Y =y, i € I), we note that

E [h(X,3)|Dy

= Y ERX. Y)Y, =91V =y

= S ERX Y)Y =y 1[Y = y] + E[R(X,Y5)[Y, = b 1[V; =
- R = BB = L=

E[1[Y; =y h(X.y)

:% Py L= FERX Y)Y = b1 =
_ ELY =yl h(Xy)], o
—yZE; Py oy LY = U BRI =1 =)

It follows that

E1[Y =y h(X,y)]
PlY =y

E[h(X,Y:)|Dy) = 1[Y =y Pas.

yes

o In light of this last calculation, with Borel mapping / : R? x R? — R such
that E [|h(X,Y)|] < oo, for distinct values b # ¢ in R, we have

E[h(X,Y;)|Dy] = E[h(X,Y,)|D.] P-as.

where we use the notation D, = o([Y =], [Y =y, i € [) and D, =
o(lY =d, Y =y, i € I).

In other words, although the two conditional expectation rvs are not nec-
essarily identical (as mappings {2 — R), they are equal to each other ex-
cept on a set of zero probability measure (under P). As this notion de-
fines an equivalence relation on rvs,! we write E [(X, Y)|Y] (or sometimes
E [h(X,Y)|o(Y)]) to denote any representative in the equivalence class.

'The rvs U,V : Q — RP are P-equivalent if U = V P-a.s., namely P[U # V] = 0.
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e One standard representative in that class of P-equivalent rvs is given by

(46) D ERX Y)Y =y1[Y =y

yeSs

Note that all the terms in (46) are well defined in terms of Y'! It is conve-

nient to use this expression when representing the conditional expectation
of h(X,Y') given the discrete rv Y.

e Next, observe that

Y ERX, Y)Y =y1[Y =y

ELY =y[h(X,Y)] .,
B ; Py =y 0 Y
E[1[Y = y]h(X,y)]
y%; PIY =y] =y
(47) = > EMX, )Y =y|1[Y =y

This last expression suggests introducing the mapping h:RI =R given
by
- ER(X,ylY =y] ifye S
(48) h(y) =
h*(y) ify¢ s

where h* : R? — R is an arbitrary Borel mapping such that E [|h*(Y)|] <

co. This definition is always well posed, and produces a Borel mapping
R? — R.

With this notation we conclude that

D ERX Y)Y =y[1[Y =y

yes

= Y ERX )Y =y1[Y =y

yeS

= D hylly =

yes
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= Y MYy =y

yes

= h(Y) <21[Y=y1)

yeSs

(49) = W) P-as.

since
Y1y =y=1y €8] =1 Pas.

yes
e Symbolically, this last discussion can be summarized as follows:

ERX VY] = (ERX. Y)Y =y]),_y
(50) = (ERX,y)Y =y]),.y P-as.

Consider the rvs X : 2 — RP and Y : 2 — R? under the following assumptions:
(i) The rvs are independent, and (ii) the rv Y : 2 — RY is a discrete rv.

e With Borel mapping & : R? x R? — R such that E [|A(X, Y)|] < oo, define
the mapping i : R? — R given by

h(y) =E[h(X,y)], yeR"

This definition is always well posed, and produces a Borel mapping R? —
R. It holds that N
ER(X,Y)Y]=h(Y) P-as.

e An important special case: With Borel mapping ¢ : R? — R such that
E[lg(X)|] < oo, we have

E[g(X)|Y] = E[g(X)] P-as.

as expected.

The general definition of conditional expectations
Let D be a sub-o-field of F. Consider arv X : @ — R such that E [| X|] < oc.
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(i) (Existence) There exists a D-measurable rv Z : 2 — R with E[|Z|] < oo
such that
(51) E[1[D](X — Z)]=0, DeD

(ii) (Uniqueness) If the D-measurable rvs 2, Z5 : Q2 — R with E [|Z;]] < oo
and E [| Z,|] < oo both satisfy (51), then Z; = Z, P-a.s.

Existence is a consequence of the celebrated Radon-Nikodym Theorem. Condi-
tion (51) is often used in the equivalent form

(52) E[1[D|X]=E[1[D]Z], DeD

The D-measurable rvs with finite expectation satisfying (51) form an equivalence
class (under the P-a.s. equivalence); any one of its representatives will be denoted
by E [X|D].

As a general rule, in order to establish that two D-measurable rvs are repre-
sentative of the conditional expectations [E [ X |D], one typically proceeds as fol-
lows: Two D-measurable rvs Z; and Z, are identified with E [|Z;|] < oo and
E [|Zs|] < oo such that

1=1,2
EL[DZ]=EQDIX], 'S0
It follows that

E[1[D](Z1 - Z)]=0, DeD

whence Z; and Z; are both representatives of E [ X |D] with Z; = Z, P-a.s.

Properties of conditional expectations
Many of the properties of conditional expectations are given below. They are
stated here under finiteness assumptions on the expectations of the rvs involved.
However, the assumptions can be somewhat weakened when the rvs are non-
negative or when the expectations are simply assumed to exist.

It is noteworthy that in spite of an existential definition (51), all these proper-
ties (some of which have already been established when the o-field is generated
by an F-partition under a constructive definition) will be seen to be direct conse-
quences of the constraint (51). As the reader will note, in this more abstract setting
the proofs are much simpler than the proofs based on the constructive approach.

When everything is said and done, we can interpret the conditional expec-
tation of X given D (through any of its representatives) as providing a form of
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expectation of the rv X, not with respect to the probability measure PP, but with
respect to the conditional probability distribution of X given D. Therefore it is
not surprising that the operation that associates with X, the conditional expecta-
tion of X given D behaves essentially like a regular expectation. In particular,
one expects versions of the various convergence theorems (such as the Monotone
Convergence Theorem, the Dominated Convergence Theorem and the Bounded
Convergence Theorem) to hold for conditional expectations. Here we shall omit
a discussion of these topics.

Linearity
Considerrvs X, Y : Q — Rwith E[|X|] < coand E [|Y'|] < cc. For any « and /3
in R, we have

E[aX + Y|D] = oE [X|D] + SE[Y|D] P-as.

Proof: Pick D in D. By linearity and (52) we have

E[1[D] E[aX + 8Y|D]
= E[1[D]: (aX + BY)]
= aE[1[D]X]+ BE[1[D]Y]
= oE[1[D]-E[X[D]| + 4 -E[1[D]E[Y[D]]
= E[1[D]- (aE[X[D] + SE [Y[D])]

The rv oE [X|D] + SE [Y|D] being D-measurable, we get the desired result by
the [P-a.s. uniqueness of conditional expectation.

Monotonicity
Consider rvs X, Y : Q@ — R with E[|X|] < oo and E[|Y|] < co. Whenever
X <Y we have

E[X|D] <E[Y|D] P-as.

Proof: Pick D in D. Using (52) we find
E[1[D]E [X|D]]

IA
= =
[HP U

(53)

E[1[DIE[Y[D]]
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because X <Y, and therefore
E[1[D](E[Y|D] - E[X|D])] > 0.

Now pick the event D_ = [E[Y|D] — E [X|D] < 0]. The event D_ being
D-measurable event, the last inequality applies to yield

0 <E[1[D_] (E[Y]D) - E[X|D])] <0,

whence
EX[D_](E[Y|D] - E [X|D])] = 0.

But 1 [D_| (E[Y|D] — E[X|D]) < 0 by construction, and the zero expectation
constraint implies 1 [D_] (E [Y|D] — E [X|D]) = 0 P-a.s. Therefore,

E[Y|D]-E[X|D]=1[D°] (E[Y|D]-E[X|D]) P-as.

and the result follows since E [Y|D] — E [X|D] > 0 on D°.

Iterated conditioning (I) For any rv X : 2 — R with E [| X|] < o0, it holds that
(54) E[E[X|D]] = E[X]

When read from right to left this equality gives rise to the idea of preconditioning
as a way to compute certain expectations.

Proof: Use (51) with D = ().

Iterated conditioning (II): Let D and D’ be two sub-o-fields of F with D C D',
For any rv X :  — R with E [| X |] < o0, it holds that

(55) E[E[X|D]|D]=E[X|D], P-as.

Proof: Pick D in D’'. Using (52) (for the rv E [ X |D] and o-field D) we get

E[1[DIE[E [X|D][D]] = E[1[D]E[X|D]].
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The conclusion follows from the fact that the rv E [X|D] is D-measurable, hence
D'-measurable.

Iterated conditioning (IIT): Let D and D’ be two sub-o-fields of F with D C D',
For any rv X : Q — R with E [| X|] < o0, it holds that

(56) E[E[X|D]|D] =E[X|D] P-as.

Proof: Pick D in D. We have

EQ[DIEEX|D]|D]] = E[1[DIE[X|D]]
— E[1[D]X]
E[1[D]E[X|D]].

Here we have used (52) three times, first for the rv E X |D’] and the o-field D,
then for the rv X and the o-field D', and finally for the rv X and the o-field D.

An important property
For any rvs X, Z : Q — R with E[| X|] < oo and E [|ZX|] < oo, we have

E[ZX|D] = ZE[X|D] P-as.

whenever the rv Z is D-measurable.

Proof: Pick D in D. Using (51) for the rvs ZX we get
E1[DIE[ZX|D]|=E[1[D]ZX].

Let Z be a simple D-measurable rv, say of the form
Z =Y bl[Dy
keK

where the events { Dy, € K} are all in D. The events {D, N D, € K} are also
all in D, hence

E[1[D]ZX] = ) bE[1[D]1[Dy] X]

keK
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= ) BE[1[DN Dy X]
= ) WE[1[DN D E[X|D]]

keK

= E (Z bl [D N Dk]) E[X|D]]

keK

= E |1[D] (Z b1 [Dk]> E [X|D]]

— E[1[D] ZET;((]D]].

It follows that
E[1[D]E[ZX|D]] = E[1[D] ZE [X|D]]

The rv ZE [X|D] being D-measurable, we have the desired result by the P-a.s.
uniqueness of conditional expectation.

Next the proof proceeds in the usual manner: Consider an non-negative D-
measurable Z and approximate it by a sequence of simple non-negative D-measurable
{Z,, n=1,2,...} with lim,_,, Z,, = Z monotonically from below. By the first
part of the proof we have

E[1[D|E[Z,X|D]] =E[1[D] Z,X] = E[1[D] Z,E[X|D]], n=1,2,...

Assume first the rv X : {2 — R to be non-negative. Let n go to infinity. Applying
the Monotone Convergence Theorem we get

E[1[D|ZX]=E[1[D]|ZE [X|D]],
whence
E[1[DIE[ZX|D]] = E[1[D] ZE [X|D]]

by the definition of conditional expectation. The desired result follows by unique-
ness since the rv ZE [X|D] is D-measurable. To remove the non-negativity con-
dition on X we use the decomposition X = X+ — X, and apply the earlier result
to each of the rvs E[ZX T|D] and E [ZX ~|D].

Finally, to handle the case of an arbitrary D-measurable Z, we write

IX =(Z,-Z)VX=2.X-7_X

and apply the earlier result torvs E [Z7 X |D] and E [Z~ X |D].
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Independence and conditional expectation (I): Consider arv X : {2 — R with
E[|X|] < co. If the rv X is independent of the o-field D, then

E[X|D]=E[X] P-as.

Here, the independence of the rv X from the o-field D means that for each D in
D, the rvs X and 1 [D] are independent.

Proof: By independence we note that
E[1[D]X]=P[D|E[X]=E[1[D|E[X]], D eD.

Therefore,
EQ[D](X-E[X]))]=0, DeD

and the conclusion follows since the defining condition (51) holds for the constant
rv E [X] (which is clearly D-measurable).

Independence and conditional expectation (II): Consider a Borel mapping £ :
RPxR? — R,andrvs X : Q@ — RPand Y : 2 — RYsuchthat E [|h(X,Y)]] < oo.

Define the mapping h:R? 5 R given by
My) =E[R(X,y)], yeR™

This definition is always well posed, and produces a Borel mapping R? — R.
If the rv X is independent of the o-field D and the rv Y is D-measurable, then

E[h(X,Y)[D] =h(Y) P-as.

Proof: This conclusion is easy to check when

L reRP
(57) h(z,y) = Zgé(x)hﬁ(y)> y € Rq’

(=1

where for each ¢ = 1,..., L the mappings g, : RP — R and hy : R? — R are
Borel with E [|g¢(X)|] < coand E [|h¢(Y")|] < oo. The independence of the rvs X
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and Y implies that of the rvs g,(X) and h,(Y"), whence the foregoing integrability
conditions imply that E [|g,(X)he(Y)|] = E [|ge(X)|] E [[he(Y)]] < o0.
Indeed, all the equalities being understood in the P-a.s. sense, we have

E[MX,Y)D] = E de(X he(Y)|D
= ZE 9e(X)he(Y)|D)
= th X)[D]
oY S BB ()]
=1
while here we have
hy) = E de(X)he(y)]
=1
= Y Elg(X)] hely), y € R
=1

Indeed, R
E[h(X,Y)|D] =h(Y) P-as.

The general case is a consequence of the following fact: For every Borel mapping
h : RP x R? — R there exists a sequence {h,, n = 1,2,...} of Borel mappings
RP x R? — RR of the form (57) such that

) r € RP,
nh—>nolohn(x7y> —h(l’7y), yeRq

Details are omitted.

More generally, without independence we have

Zgz

E[h(X,Y)D] =
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— S E[p(X)he(Y)[D]

(59) = (Efn X,y|D

The absolutely continuous case
Consider rvs X : 2 - RPand Y : Q — R If the rv Y is absolutely continuous,
then
PY =y]=0, yeR
sine
fy(n)dn = 0.
{v}
As aresult, for each y in R? we cannot define the conditional probabilities

P[X € B,Y =y

PIX € BIY =4l = =t

B € B(R?)

A natural approach
With y in RY. The ball centered at y with radius € > 0 is denoted by B.(y), i.e.,

B(y) ={neR: |In—yll <e}.

Pick y in R? such that fy (y) > 0 and assume there exists £ > 0 such that

PlY € B.(y)] >0, 0<e<ep.

The basic idea is as follows: Pick B in B(R?). Whatever definition is given to
the conditional probability

P[X € B|Y =y,
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it should be compatible with the limiting value

limP (X € BIY € Be(y)

if it exists.
With this in mind we note that

P[[X € B]N B.(y)]
P[B:(y)]
fBXBE(y) fxy (& m)dédn

fBg(y) fy(n)dn
T (Fipy v (€ m)dn)

P[X € BlY € B:(y)] =

fBE(y) Ty (n)dn
fB( fXY(fJ])dU
60 _ <(y) d
©0 /. ( Jp.o Frmdn )
Note that
lim/ fxy(&mn)dn=0, &eRP
0 JB.(y)
and

i [ fyn)dn =
0 JB.(y)

However, in many cases of interest in applications, we find that these limits have
the same rate of convergence so that the limit

Iim fB fXY &, m)dn
l0 fB (y)fY )

in fact exists. This is analogous to the situation handled by L’Hospital’s rule when
the indeterminate form % arises. Indeed note that under broad conditions it holds

lim fBE(y) fXY(fv U)dﬁ
0 A(Be(y))

= fxy(&y), eR?

and
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where A\(B.(y)) denotes the Lebesgue measure of the ball B.(y). It now follows
that

fBg(y) Ixv (§m)dn

lim S v (&, m)dn _ oy A(B=()
el0 f n d’[? €0 fBg(y) fy (m)dn
Jo () AB-))
(61) _ fXY<§7y)’ 6 e RP
fY(Z/)

This suggests

d
lmP[X € BY € B.(y)] = lim Jou Frxr(&:1) n) de

0 B< fB€(y)fY(n)d77
< (

B

assuming that the interchange of limit and integration is permissible.
With y in R?, define the mapping fxy (-|y) : R» — R, by

B () >0

fxy(zly) =
g(z) if fy(y) =0

where the Borel mapping g : RP — R, is a probability density density, hence

satisfies
/ g(x)dx = 1.
Rp

Consider a Borel mapping u : R? — R such that that E [|u(X)|] < oo, and pick a
Borel set C' in B(R?). Note that

Py e CIn[fy(Y)=0] =0

since

P (fy(¥) = 0] = / nERY: fy(n) = 0fy(n)dn = 0.
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With
Cy ={neR’: fy(n) >0},
this becomes
P[Y ¢ Cf] =P[fy(Y)=0] = 0.
We find

E[1[Y € Clu(X)] = E[1 Yeny( ) > 0] u(X)]
— / () Fx (€, m)dedy
]RPX(COC

o (/ ) d

by Fubini’s Theorem.
If fy(n) > 0, then

| w@rortenas = [ @) (el e
- (e
) (

(63) =

My €lade ) (o)
n)
as we define u : R? — R given by

u(y) = /Rp u(ﬁ)fX\Y(ﬂy)d& y € RP.

It can be shown that the mapping u — R is well defined and Borel.
It follows that

BOY eClux)] = [ vy

- / a(n) fy (n)dn
C

(64) = E[1[Y € Clu(Y)].
Recalling that 0(Y') = {Y € C, C € B(R?)}, we conclude that
Eu(X)loY)] =u(Y), P-as.




