ENEE 621: ESTIMATION AND DETECTION THEORY

Midterm Examination I|1: Solutions

Spring 2007 Narayan
Problem 1
It is easily seen that
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Hence,
PO=-1Y =y)<PO=1Y=y), y>0

and P( = —1]Y =y) > PO =1Y =y), y<0
whence Gy(t|Y = y) has the form asin Fig. 1
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Fig. 1.

Problem 2
[2a] Here g(t)=1,0<t<1, and
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whence
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Then,
ft,y) = ae @10 < ¢ < min(y, 1)), y >0,
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Observe that ¢(t|y) does not depend on y for y > 1 (why?)

[2b] gumsE IS given by

Y tae—y—t) dt — ay
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0 ex—1 ex—1 a’
[2C] gumap IS given by
y, 0<y<l1
gMAP(y> =
L, y>1

=min{y, 1}, y > 0.

0<y<l1

y > 1.



Problem 3
[3a] Observe that
E[Xi1| X0, X1, -, X)) = E [ X | X1 X
= E[Xin X X, - E[X] XY
= E[X, | X! +E [Xm\Xt _E [Xt|Xt‘1H (1)
since E[X, 4] = 0,and X*~! and X,—E[X,| X" '] areuncorrelated. In (1), X,11 = (W, + Wi1) LX"" 1 €
span{ W'} and E[X;,] = 0, so that
E[Xo | X' = E[Xp | X, — E[ X[ X]]
— a(t) (Xt _E [Xt\Xt‘1]>
since E| X, — E [Xt|Xt—1]] —0.
Thus, E[X,,1|X"] = a(t) (Xt _E [Xt\Xt‘1]> where
a(t) = cov | X1, X, — E[X,|X7]| (var(X, - E [Xt|Xt—1}])_1
— E[(W, + Wyi1) (Wt_l YW, —E [Xt|Xt—1})]2;1
=
where E[X,|X*] € span{W*~'}, and &, = var [Xt - E[Xt|Xt‘1]].
[3b] The error variance in question is
%, = var[X, — E[X,|X"!]] = E l(Xt —E [Xt|Xt‘1D2]
—E[x (X~ E[x/x"])], byoP
—E [Xt (Xt - {a(t —1) (Xt_l _E [Xt_1|Xt‘2]> })} ,

by the previous part, with a(t — 1) = ¥,
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Note that X =W+ Wiy, Xooq = Wiy + Wio, and E[Xt_1|Xt_2] c Span{Wt_Q}.

Thus,
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which, with the initial condition

S = E [(XO _E [XO\X‘I})Z} — E[X?] =2,

gives that



