
ENEE 621: Solutions Problem Set 3
Spring 2007

Narayan

1. (i)

gLMSE(Y ) ∆= Ê[θ|Y ] = µθ + ΣθY Σ−1
Y (Y − µY ).

µθ = m = µY

ΣY = σ2 + var[Z] = σ2 +
q2

12
.

ΣθY = E[(θ −m)(Y −m)] = E[(θ −m)(θ + Z −m)]

= E[(θ −m)2] + E[(θ −m)(Z − 0)]

Since θ ⊥ Z, E[(θ −m)(Z − 0)] = 0. Then

ΣθY = σ2

Hence,

Ê[θ|Y ] = m +
(

12σ2

12σ2 + q2

)
(Y −m).

(ii) Assume now that θ is an unknown IR-valued constant. Then

fθ(y) =
{

1
q , θ − q

2 ≤ y ≤ θ + q
2

0, otherwise.

⇒ arg maxθ∈IR fθ(y) = any θ in [y − q
2 , y + q

2 ].

⇒ for a given y ∈ IR, ∃ a family of ML estimates given by

{gα
ML(y) = α(y − q

2
) + (1− α)(y +

q

2
), 0 ≤ α ≤ 1}.

2. (i)

fθ(y) =
{

1
θ , 0 < y ≤ θ(< 1)
0, otherwise.

(∗)

Hence,
gML(y) = arg max

0<t<1
ft(y)

= arg max
y≤t<1

ft(y), by (∗)
= y
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⇒ gML(y) = y, 0 < y < 1.

Further, Eθ[gML(Y )] = Eθ[Y ] = θ
2 ⇒ gML is biased.

(ii)

νy(t) =
ft(y)ν(t)

f(y)
, 0 < y, t < 1.

=
{

1
t · 2t

f(y) , 0 < y ≤ t < 1
0, otherwise

=
{

1
1−y , 0 < y ≤ t < 1 (why?)
0, otherwise.

i.e., νy(t) is uniform for t in [y, 1).

(a) Thus,

gMAP (y) = any t in [y, 1)

Therefore, for a given y in (0, 1), there exists a family of MAP estimates given

by:

{gα
MAP (y) = αy + (1− α), 0 < α ≤ 1}.

Further,
E[gα

MAP (Y )] = αE[Y ] + (1− α)

= α

{∫ 1

0

(
1
t

∫ t

0

ydy

)
2tdt

}
+ (1− α)

=
α

3
+ 1− α = 1− 2α

3
.

Also, E[θ] =
∫ 1

0
t · 2t · dt = 2

3 . Thus, E[gα
MAP (Y )] = E[θ] only when 1− 2α

3 = 2
3 ,

i.e., if α = 1
2 , so that gα

MAP is unbiased only for α = 1
2 ; else, it is biased.

(b)

gMSE(y) = E[θ|Y = y] =
∫ 1

y

tνy(t)dt =
1

1− y

∫ 1

y

tdt

=
1 + y

2
, 0 < y < 1.

Since E[E[θ|Y ]] = E[θ], gMSE is (always) unbiased.

(c) From (b), gLMSE(y) ∆= Ê[θ|Y = y] = 1+y
2 ; Therefore, gLMSE is unbiased.

3.

fθ(y) ∆= Pθ(Y = y) =
e−θθy

y!
, y = 0, 1, 2, . . . , θ ∈ (0,∞).
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ln fθ(y) = −θ + y ln θ − ln(y!).

∂

∂θ
ln fθ(y) = −1 +

y

θ

⇒ θ = gML(y) satisfied − 1 +
y

gML(y)
= 0,

whence gML(y) = y, y = 0, 1, 2, . . .

Eθ[gML(Y )] = Eθ[Y ] = θ ⇒ gML is unbiased.

Σθ(gML) = Eθ[(gML(Y )− θ)2] = Eθ[(Y − θ)2] = θ.

M(θ) = Eθ

[(
∂

∂θ
ln fθ(Y )

)2
]

=
1
θ2

Eθ[(Y − θ)2] =
1
θ
.

Using θ > 0, we have M−1(θ) = θ =
∑

θ(gML), so that gML is efficient.

4. For −1 < θ < 1:

fθ(y1, y2) =
1

2π
√

1− θ2
exp

[ −1
2(1− θ2)

[y1y2]
[

1 −θ
−θ 1

] [
y1

y2

]]
, −∞ < y1, y2 < ∞

=
1

2π
√

1− θ2
exp

[
− 1

2(1− θ2)
(y2

1 − 2y1y2θ + y2
2)

]

⇒ ln fθ(y1, y2) = − ln 2π − 1
2 ln(1− θ2)− 1

2(1−θ2) (y
2
1 − 2y1y2θ + y2

2).

Let us use the notation gθ
ML(y1, y2)

∆= θ∗ for convenience. If θ∗ ∈ (−1, 1), then

∂

∂θ
ln fθ(y1, y2)|θ=θ∗ = 0

Then,

⇒ θ∗(1− θ∗2) + y1y2(1− θ∗2)− θ∗(y2
1 − 2y1y2θ

∗ + y∗2) = 0

i.e.,

θ∗3 − y1y2θ
∗2 + (y2

1 + y2
2 − 1)θ∗ − y1y2 = 0. ($)

Let f(θ) = θ3 − y1y2θ
2 + (y2

1 + y2
2 − 1)θ − y1y2. Note that f(−1) = −(y1 + y2)2 ≤ 0

and f(1) = (y1− y2)2 ≥ 0. Thus, f(θ) has at least one root in [−1, 1]. Next, it can be

easily verified that θ = 1 is a root only if y1 = y2, and that θ = −1 is a root only when

y1 = −y2. Hence for all (y1, y2) such that |y1| 6= |y2|, MLE exists (i.e., in (−1, 1)).

The actual determination of the MLE (for |y1| 6= |y2|) is tedious. For certain values
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of (y1, y2) (|y1| 6= |y2|), the equation f(θ) = 0 has a single root in (−1, 1); for other

(y1, y2), it has 3 roots in (−1, 1).

5. For yn∆=(y, . . . , yn), we have

fθ(yn) = fA,Φ(y1, . . . , yn) =
1

(2πσ2)n/2
exp

[
− 1

2σ2

n∑

k=1

(yk −A sin(
kπ

2
+ Φ))2

]

so that

ln fA,Φ(y1, . . . , yn) = −n

2
ln 2πσ2 − 1

2σ2

n∑

k=1

(yk −A sin(
kπ

2
+ Φ))2.

For notational convenience, let gA
ML(yn) ∆= A∗, gΦ

ML(yn) = Φ∗. Then

∂

∂A
ln fA,Φ(yn)|A=A∗

Φ=Φ∗
= 0

⇒
n∑

k=1

(
yk −A∗ sin

(
kπ

2
+ φ∗

))
sin

(
kπ

2
+ Φ∗

)
= 0

⇒
n∑

k=1

yk sin
(

kπ

2
+ Φ∗

)
−A∗

n∑

k=1

sin2

(
kπ

2
+ Φ∗

)
= 0

⇒
n∑

k=1

yk sin
(

kπ

2
+ Φ∗

)
= A∗

n∑

k=1

sin2

(
kπ

2
+ Φ∗

)

Using the fact that n is even,

n∑

k=1

sin2

(
kπ

2
+ Φ∗

)
=

n

2

⇒ cosΦ∗ [y1 − y3 + y5 . . .]− sin Φ∗ · [y2 − y4 + y6 . . .] =
A∗n
2

(i)

Next,
∂

∂Φ
ln fA,Φ(yn)|A=A∗

Φ=Φ∗
= 0

⇒
n∑

k=1

(
yk −A∗ sin

(
kπ

2
+ Φ∗

))
(−A∗) cos

(
kπ

2
+ Φ∗

)
= 0

⇒
n∑

k=1

yk cos
(

kπ

2
+ Φ∗

)
−A∗

n∑

k=1

sin
(

kπ

2
+ Φ∗

)
cos

(
kπ

2
+ Φ∗

)
= 0
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Since n is even,
n∑

k=1

sin
(

kπ

2
+ Φ∗

)
cos

(
kπ

2
+ Φ∗

)
= 0

So that,
n∑

k=1

yk cos
(

kπ

2
+ Φ∗

)
= 0

⇒ cosΦ∗ [−y2 + y4 − y6 + . . .]− sinΦ∗ [y1 − y3 + y5 . . .] = 0

⇒ tan Φ∗ =
−y2 + y4 − y6 + . . .

y1 − y3 + y5 . . .

i.e.,

gΦ
ML(y1, . . . , yn) = arc tan

[−y2 + y4 − y6 + . . .

y1 − y3 + y5 . . .

]
.

Finally, from (i)

gA
ML(y1, . . . , yn) =

2
n

[
(y1 − y3 + y5 . . .) cos gΦ

ML(y1, . . . , yn)

−(y2 − y4 + y6 . . .) sin gΦ
ML(y1, . . . , yn)

]
.

6. fθ(y1, . . . , yn) =
∏n

k=1

(
e−(yk−θ)u(yk − θ)

)
. Note that given yn ∆= (y1, . . . , yn), for

fθ(y1, . . . , yn) 6= 0, we need that θ ≤ yk for k = 1, . . . , n, i.e., that min1≤k≤n yk ≥ θ.

Under this condition, i.e., for θ ≤ min1≤k≤n yk, we have that

fθ(y1, . . . , yn) =
n∏

k=1

e−(yk−θ) = enθ
n∏

k=1

e−yk (> 0),

which (subject to θ ≤ min1≤k≤n yk) is maximized by θ∗ = min1≤k≤n yk. Thus,

gML(y1, . . . , yn) = min
1≤k≤n

yk.

7. Let yn ∆= (y1, . . . , yn), Y n ∆= (Y1, . . . , Yn).

fθ(yn) =
1

(
√

2πσ2)n(
∏n

k=1 yk)
exp

[
− 1

2σ2

n∑

k=1

{
ln

(yk

θ

)}2
]

ln fθ(yn) = −n

2
ln(2πσ2)−

n∑

k=1

ln yk − 1
2σ2

n∑

k=1

(
ln

yk

θ

)2

.
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Let θ∗ = gθ
ML,n. Then,

∂

∂θ
ln fθ(yn)|θ=θ∗ = 0 = − 1

2σ2

n∑

k=1

[
2

(
ln

yk

θ∗

) θ∗

yk

(
− yk

θ∗2

)]

so that,
n∑

k=1

ln
(yk

θ∗

)
= 0 ⇒ ln θ∗ =

1
n

n∑

k=1

ln yk

⇒ θ∗ =

(
n∏

k=1

yk

)1/n

i.e.,

gθ
ML,n(yn) =

(
n∏

k=1

yk

)1/n

.

Now, use the fact that Y ∼ lognormal with parameters (θ, σ2) ⇔ Y = exp Z, where

Z ∼ N (ln θ, σ2), and we get

E[Y ] = E[expZ], E[Y 2] = E[exp 2Z]

The moments of Y can then be obtained from the moment-generating function MZ(·)
of Z. Specifically,

MZ(u) ∆= E[expuZ] = exp(u ln θ +
σ2u2

2
) (check!)

⇒ E[Y ] = MZ(1) = θeσ2/2.

E[Y 2] = MZ(2) = θ2e2σ2
.

Returning to our estimation problem:

ln
(
gθ

ML,n (Y n)
)

=
1
n

n∑

k=1

ln Yk

Since lnYk ∼ N (ln θ, σ2), ln(gθ
ML,n(Y n)) ∼ N (ln θ, σ2

n ), so that gθ
ML,n(Y n) is lognor-

mal with parameters (θ, σ2

n ). Hence,

Eθ

[
gθ

ML,n(Y n)
]

= θeσ2/2n
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so that gθ
ML,n is biased. However, since limn θeσ2/2n = θ, we see that the sequence

of estimators {gθ
ML,n}∞n=1 is asymptotically unbiased. Next,

Σθ

(
gθ

ML,n

)
= Eθ

[(
gθ

ML,n(Y n)− θ
)2

]

= Eθ

[(
gθ

ML,n(Y n)
)2

]
− 2θEθ

[
gθ

ML,n(Y n)
]
+ θ2

= θ2e
2σ2

n − 2θ · θeσ2
2n + θ2

= θ2
[
e

2σ2
n − 2e

σ2
2n + 1

]

Thus,

lim
n

Σθ

(
gθ

ML,n

)
= 0

i.e.,

lim gθ
ML,n(Y n) = θ in q.m. under Pθ

⇒ lim
n

gθ
ML,n(Y n) = θ in probability Pθ.

Hence, gML,n is a (weakly) consistent estimator. Turning finally to the notion of

efficiency, we see that the notion does not apply as gθ
ML,n is biased. (We have

defined “efficiency” in class only for unbiased estimators.) However, it is of interest to

see how
∑

θ(g
θ
ML,n) differs from the appropriate Cramér-Rao lower bound (CRLB).

For the problem at hand, the CRLB = b2
θ(g

θ
ML,n)+

[
1 + d

dθ bθ(gθ
ML,n)

]2
M (n)(θ)

−1
. To

compute CRLB, first note that M (n)(θ) = nM(θ), where M(θ) = −Eθ

[
∂2

∂θ2 ln fθ(Y1)
]
.

Since
∂2

∂θ2
ln fθ(y) =

∂

∂θ

[
1
σ2

(ln
y

θ
) · 1

θ

]
=

1
θ2σ2

[−1− (ln y − ln θ)] ,

we have

M(θ) = −Eθ

[
− 1

σ2θ2
− (lnY − ln θ)

]

=
1

σ2θ2
+ Eθ [ln Y − ln θ]

=
1

σ2θ2
, because Eθ[ln Y − ln θ] = 0

Next,
bθ(gθ

ML,n) = Fθ

[
gθ

ML,n(Y n)
]− θ = θeσ2/2n − θ

= θ
[
eσ2/2n − 1

]
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⇒ d

dθ
bθ

(
gθ

ML,n

)
= eσ2/2n − 1

⇒ CRLB = θ2

[(
eσ2/2n − 1

)2
]

+
(
1 + eσ2/2n − 1

)2 σ2θ2

n

= θ2
[
eσ2/n

(
1 + σ2/n

)
+ 1− 2eσ2/2n

]

Hence,
Σθ

(
gθ

ML,n

)− CRLB

= θ2

[
e2σ2/n − eσ2/n

(
1 +

σ2

n

)]

= θ2eσ2/n

[
eσ2/n −

(
1 +

σ2

n

)]

> 0, since eσ2/n > 1 +
σ2

n
(why?)

However,

lim
n

[∑

θ

(gθ
ML,n)− CRLB

]
= lim

n

[
θ2eσ2/n

[
eσ2/n − (1 + σ2/n)

]]

= 0.

8. Unknown parameters: θ = {θij}M
i,j=1 where θij = P (Yk+1 = j|Yk = i), k = 0, 1, 2, . . ..

Observations:

(y1, . . . , yn), with P (Y0 = y0) = 1. (∗)

Then,

fθ(y0, . . . , yn) = P (Y0 = y0) · θy0y1θy1y2 . . . θyn−1yn( using the Markov property)

=
M∏

i=1

M∏

j=1

θ
n(i,j)
ij , by(∗)

where n(i, j) = # of different values of k in {0, . . . , n = 1} such that yk = i and

yk+1 = j (i.e., the number of times the process goes directly from state i to state j).

Since
∑M

j=1 θij = 1 for i = 1, . . . ,M, we have θiM = 1−∑M−1
j=1 θij , i = 1, . . . , M .

⇒ fθ(y0, y1, . . . , yn) =
M∏

i=1

(
1−

M−1∑

`=1

θi`

)n(i,M) M−1∏

j=1

θ
n(i,j)
ij
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⇒ ln fθ(y0, y1, . . . , yn) =
M∑

i=1


n(i, M) ln

(
1−

M−1∑

`=1

θi`

)
+

M−1∑

j=1

n(i, j) ln θij




For notational convenience, let gθab

ML(y0, y1, . . . , yn) ∆= θ∗ab. Then, for 1 ≤ a ≤ M, 1 ≤
b ≤ M − 1,

∂

∂θab
ln fθ(y0, y1, . . . , yn)|θab=θ∗

ab
= 0 =

−n(a, M)

1−∑M−1
`=1 θ∗al

+
n(a, b)

θ∗ab

whence θ∗ab = n(a,b)
n(a,M)θ

∗
aM . Summing both sides over b yields:

1 =
M∑

b=1

n(a, b)
n(a,M)

θ∗aM =
θ∗aM

n(a,M)

M∑

b=1

n(a, b).

⇒ θ∗ab =
n(a, b)∑M

`=1 n(a, `)
=

n(a, b)
n(a)

, where n(a) ∆=
M∑

`=1

n(a, `).

Thus,

g
θij

ML(y0, y1, . . . , yn) =
n(i, j)
n(i)

, 1 ≤ i, j ≤ M.

“Intuitively,”

g
θij

ML(y0, . . . , yn) =
(# of times process leaves state i directly for state j)

(# of times it leaves state i for state i or any other state.)

Notice that:

# of times it leave state i for state i or any other state

= # of times it resides in state i in times 0, . . . , n− 1

Observations: 1112122112221212

n(1, 1) = 3; n(1, 2) = 5;n(2, 1) = 4; n(2, 2) = 3, n(1) = 8; n(2) = 7.

⇒ θ∗11 =
3
8
, θ∗12 =

5
8
, θ∗21 =

4
7
, θ∗22 =

3
7

are the ML estimates.

9. (i) Ê[θ|Y ] = µ0 +
∑

θY

∑−1
Y (Y −µY ). Note that

∑
θY = E[(Y 2−E[Y 2])Y ] = E[Y 3]−

E[Y ]E[Y 2]. Since E[Y 3] = E[Y ] = 0,
∑

θY = 0. Hence, Ê[θ|Y ] = µθ = E[Y 2] = 1
3 , a

constant, and clearly a poor estimator.
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(ii) gMSE(Y ) = E[θ|Y ] = E[Y 2|Y ] = Y 2.

10. Here θ = (θ1, θ2), 0 ≤ θ1 < θ2. Let yk ∆= (y1, . . . , yk). Then

fθ(yk) =

{(
1

θ2−θ1

)k

if min{y1, . . . , yk} ≥ θ1, max{y1, . . . , yk} ≤ θ2

0 otherwise.

(i)

⇒ gθ
ML,k(Y k) =

[
gθ1

ML,k(Y k)
gθ2

ML,k(Y k)

]
=

[
min{Y1, . . . , Yk}
max{Y1, . . . , Yk}

]
.

(ii)

Eθ

[
gθ1

ML,k

(
Y k

)]
= Eθ [min{Y1, . . . , Yk}]

=
∫ ∞

0

P (min{Y1, . . . , Yk} ≥ x)dx,

using the fact thatmin{Y1, . . . , Yk} ≥ 0

=
∫ ∞

0

[P (Y1 ≥ x)]kdx.

Now,

P (Y1 ≥ x) =

{ 1, 0 ≤ x ≤ θ1
θ2−x
θ2−θ1

, θ1 ≤ x ≤ θ2

0, x ≥ θ2.

⇒ Eθ

[
gθ1

ML,k

(
Y k

)]
=

∫ θ1

0

dx +
∫ θ2

θ1

(
θ2 − x

θ2 − θ1

)k

dx

= θ1 +
∫ θ2

θ1

(
θ2 − x

θ2 − θ1

)k

dx.

Since
∫ θ2

θ1

(
θ2−x
θ2−θ1

)k

dx > 0, we see that gθ1
ML,k is biased for k = 1, 2, . . ..

(iii) limk Eθ

[
gθ1

ML,k(Y k)
]

= θ1 + 0 = θ1 i.e., {gθ1
ML,k(Y k)}∞k=1 is asymptotically unbi-

ased.

(iv) Given ε > 0,

Pθ

(
|gθ1

ML,k(Y k)− θ1| > ε
)

= Pθ

(
g

θ1(Y
k)

ML,k > θ1 + ε
)

+ Pθ

(
gθ1

ML,k(Y k) < θ1 − ε
)

Notice that,

Pθ(gθ1
ML,k(Y k) < θ1 − ε) = 0(why?)
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So that
Pθ(|gθ1

ML,k(Y k)− θ1 > ε)

= Pθ(min{Y1, . . . , Yk} > θ1 + ε) = (Pθ(Y1 > θ1 + ε))k

=
(

θ2 − θ1 − ε

θ2 − θ1

)k

=
(

1− ε

θ2 − θ1

)k

→ 0 as k →∞, as long as ε ≤ θ2 − θ1

If ε > θ2−θ1, then clearly Pθ(Y1 > θ1+ε) = 0. Thus, for every ε > 0, limk Pθ

(
|gθ1

ML,k(Y k)− θ1| > ε
)

=

0. Therefore, {gθ1
ML,k}∞k=1 is (weakly) consistent.

11. νy(t) = 1√
2π

exp
[
− 1

2 (t− y − y2

2

]
, ∞ < t < ∞, ⇒ conditioned on Y = y, θ is Gaussian

with mean y + y2

2 , and variance 1, i.e.,

E[θ|Y ] = Y +
Y 2

2
, E[(θ − E[θ|Y ])2] = 1. ($)

(i) Ê[θ|Y ] = µ0 +
∑

θY

∑−1
Y (Y − µY )

µθ = E[θ] = E[E[θ|Y ]] = E[Y + Y 2

2 ] = 1 + 2
2 = 2. (Verify: E[Y ] = 1, E[Y 2] = 2)

ΣθY = E[θY ]− E[θ]E[Y ] = E[θY ]− 2

= E[E[θY |Y ]]− 2 = E[Y E[θ|Y ]]− 2 = E[Y (Y +
Y 2

2
)]− 2

= E[Y 2] +
1
2
E[Y 3]− 2 = 2 +

1
2
6− 2 = 3 (verify E[Y 3] = 6)

⇒ Ê[θ|Y ] = 2 +
3
1
(Y − 1) = 3Y − 1.

(ii)

cov[θ − Ê[θ|Y ]] = E[(θ − Ê[θ|Y ])2]

= E[(θ − Ê[θ|Y ])θ], by orthogonality principle

= E[θ2]− E[θ(3Y − 1)] = E[θ2]− 3.5 + 2 = E[θ2]− 13 (∗)

From ($) above:

1 = E[(θ − E[θ|Y ])2]

= E[(θ − E[θ|Y ])θ], by orthogonality principle

= E[θ2]− E[θE[θ|Y ]]
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So that,

E[θ2] = 1 + E[θE[θ|Y ]] = 1 + E[θ(Y +
Y 2

2
)]

= 1 + E[θY ] +
1
2
E[θY 2], notice that E[θY ] = 5

= 6 +
1
2
E[E[θY 2|Y ]]

= 6 +
1
2
E[Y 2E[Y 2E[θ|Y ]] = 6 +

1
2
E[Y 2(Y +

Y 2

2
)]

i.e.,

E[θ2] = 6 +
1
2
E[Y 3] +

1
4
E[Y 4]

= 6 +
1
2
· 6 +

1
4
· 24 (verify : E[Y 4] = 24.)

= 15

⇒ from (*) above, cov[θ − Ê[θ|Y ]] = 15− 13 = 2.

12. (i) Letting yn ∆= (y1, . . . , yn), we have

fθ(yn) =
1
θn

e−
1
θ

∑n

i=1
yi

⇒ ln fθ(yn) = −n ln θ − 1
θ

n∑

i=1

yi

⇒ ∂

∂θ
ln fθ(yn) = −n

θ
+

1
θ2

n∑

i=1

yi.

Setting ∂
∂θ ln fθ(yn) = 0 at θ = gML,n(yn), we get

gML,n(yn) =
1
n

n∑

i=1

yi

(ii)
Σθ(gML,n) = Eθ[|θ − gML,n(Y n)|2]

= Eθ[(
1
n

n∑

i=1

Yi − θ)2]

i.e.,

Σθ(gML,n) =
1
n2

Eθ




(
n∑

i=1

Yi − nθ

)2



=
1
n2

varθ

[
n∑

i=1

Yi

]
=

1
n2
· n varθ[Y1]

=
θ2

n

12



Next,

Eθ[gML,n(Y n)] = Eθ

[
1
n

n∑

i=1

Yi

]
= θ

⇒ gML,n is unbiased.

Compare
∑

θ(gML,n) with CRLB. To this end, observe that

∂2

∂θ2
ln fθ(y) =

1
θ2
− 2y

θ3

so that

M (1)(θ) = −Eθ

[
∂2

∂θ2
ln fθ(Y )

]
= − 1

θ2
+

2θ

θ3
=

1
θ2

.

⇒ M (n)(θ) =
n

θ2
, n = 1, 2, . . .

Since
∑

θ(gML,n) = (M (n)(θ))−1, gML,n is a MVUE.

13. (i) Fist note that

P (Y = 1) =
∫ 1

0

P (Y = 1|θ = t)dt

=
∫ 1

0

tdt =
1
2

= P (Y = 0).

Next, for 0 ≤ t ≤ 1:

P (θ ≤ t, Y = 1) =
∫ t

0

P (Y = 1|θ = α)ν(α)dα, where ν(α) is the density of θ

=
∫ t

0

αdα =
t2

2
,

so that P (θ ≤ t|Y = 1) = G1(t) = t2. Hence,

ν1(t) = 2t, 0 ≤ t ≤ 1

where ν1(t) is the conditional density of θ at t, when Y = 1. Similarly, for 0 ≤ t ≤ 1:

P (θ ≤ t, Y = 0) =
∫ t

0

P (Y = 0|θ = α)ν(α)dα

=
∫ t

0

(1− α)dα = t− t2

2
,

so that

G0(t) = P (θ ≤ t|Y = 0) = 2t− t2,

13



whence

ν0(t) = 2(1− t), 0 ≤ t ≤ 1.

where ν0(t) is the conditional density of θ at t, given Y = 0. Finally,

gMSE(y = 1) = E[θ|Y = 1] =
∫ 1

0

t · 2t · dt = 2/3

gMSE(y = 0) = E[θ|Y = 0] =
∫ 1

0

t · 2(1− t)dt = 1/3.

(ii) Let yn ∆= (y1, . . . , yn). Then

P (Y n = yn|θ = t) = t
∑n

i=1
yi · (1− t)n−

∑n

i=1
yi

⇒ P (Y n = yn) =
∫ 1

0

P (Y n = yn|θ = t)ν(t)dt

=
∫ 1

0

t
∑n

i=1
yi · (1− t)n−

∑n

i=1
yidt

Also, for 0 ≤ t ≤ 1:

P (θ ≤ t, Y n = yn) =
∫ t

0

P (Y n = yn|θ = α)ν(α)dα

=
∫ t

0

α
∑n

i=1
yi · (1− α)n−

∑n

i=1
yidα

⇒ P (θ ≤ t|Y n = yn) = Gyn(t) =

∫ t

0
α
∑n

i=1
yi · (1− α)n−

∑n

i=1
yidα

∫ 1

0
α
∑n

i=1
yi · (1− α)n−

∑n

i=1
yidα

Hence,

νyn(t) =
t
∑n

i=1
yi · (1− t)n−

∑
i=1

yi

∫ 1

0
α
∑n

i=1
yi · (1− α)n−

∑n

i=1
yidα

, 0 ≤ t ≤ 1.

⇒ gMAP (yn) = arg max
0≤t≤1

t
∑n

i=1
yi · (1− t)n−

∑n

i=1
yi

Take log of t
∑n

i=1
yi · (1− t)n−

∑n

i=1
yi to get:

gMAP (yn) =
1
n

n∑

i=1

yi

(This result also follows from the fact that θ being uniform on [0,1] ⇒ gML = gMAP .)
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(iii) E[θ] = 1
2 ; E[gMAP (Y n)] = E[ 1

n

∑n
i=1 Yi] = 1

n

∑n
i=1 E[E[Yi|θ]]. Notice that

E[Yi|θ] = θ

so that

E[gMAP (Y n)] = E[θ]

Hence, gMAP (Y n) is unbiased.

14. (i) Since X1 and X2 are i.i.d., the conditional distribution of X1 given (X1 + X2) is

the same as that of X2 given (X1 + X2)

⇒ E[X1|X1 + X2] = E[X2|X1 + X2]

By adding: 2E[X1|X1 + X2] = E[X1 + X2|X1 + X2] = X1 + X2 = Y

⇒ E[X1|X1 + X2] =
Y

2
, using the fact that θ = X and Y = X1 + X2

i.e., gMSE(Y ) = Y
2 .

(ii) E[|θ − gMSE(Y )|2] = E[(X1 − X1+X2
2 )2] = E[(X1−X2

2 )2] = 1
4 · 2 = 1

2 .

Problem 15

(a)

µθ =
1
α

; µY = E[θX + N ] = E[θ]E[X] + E[N ] =
1
α

.

ΣY = E[Y 2]− µ2
Y = E[(θX + N)2]− 1

a2
= . . .

3
α2

+ 1 > 0.

ΣθY = E[(θ − µθ)(Y − µy)] = E[θY ]− 1
α2

= E[θ(θX + N)]− 1
α2

] =
1
α2

.

Hence,
Ê[θ|Y ] = µθ + ΣθY Σ−1

Y (Y − µY )

=
1
α

+
1

(3 + α2)
(Y − 1

α
)

=
1

(3 + α2)
[Y +

2 + α2

α
].

(b)
E[(θ − Ê[θ|Y ])2] = E[(θ − Ê[θ|Y ])θ], by OP

= E[θ2]− E

[
θ

(
1

(3 + α2)
{Y +

2 + α2

α
}
)]

= . . .

=
2 + α2

α2(3 + α3)
.
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Problem 16

(a) For each θ > 0,

fθ(y1, . . . , ym,m) =
{

θe−θy1 . . . θe−θyme−θ(T−
∑m

i=1
yi),

∑m
i=1 yi ≤ T

0, else

i.e.,

fθ(y1, . . . , ym,m) = θme−θT 1

(
m∑

i=1

yi ≤ T

)
,

So that by the Factorization Theorem, T (y1, . . . , ym,m) = m is a nontrival sufficient

statistic.

(b)

ln fθ(y1, . . . , ym,m) = m ln θ − θT + ln1

(
m∑

i=1

yi ≤ T

)

and
d

dθ
ln fθ(y1, . . . , ym,m) =

m

θ
− T,

whence

gML,T (y1, . . . , ym, m) =
m

T
.

(c) For each θ > 0, M is a Poisson rv with mean θT , so that Eθ[gML,T (Y1, . . . , YM )] =
1
T Eθ[M ] = θT

T = θ, and so gML,T is unbiased. Furthermore, by the completeness of

the Poisson family of distributions of mean θT as θ ranges over (0,∞), we obtain that

T (Y1, . . . , YM ,M) = M is a complete sufficient statistic. Hence, the required MVUE

is:

g(Y1, . . . , YM ,M) = Eθ

[
M

T
|M

]
=

M

T
,

i.e., the MLE is also a MVUE.

(d) For each θ > 0,

Eθ

[
(gML,T (Y1, . . . , YM ,M)− θ)2

]

= Eθ

[(
M

T
− θ

)2
]

=
1

T 2
Eθ

[
(M − θT )2

]
=

1
T 2

varθ[M ] =
θT

T 2
=

θ

T
.

16



Thus, for each θ > 0, it holds that limT↑∞Eθ

[
(gML,T (Y1, . . . , YM ,M)− θ)2

]
= 0,

which implies limT↑∞ gML,T (Y1, . . . , YM , M) = θ in probability Pθ, i.e., (weak) con-

sistency of the MLE.

(e) For T = 1, fθ(y1, . . . , ym,m) = θme−θ1 (
∑m

i=1 yi < 1), and g(t) = αe−αt, t ≥ 0.

Hence,

gθ|Y1,...,YM ,M (t|y1, . . . , ym, m) =
tme−t1

(∑m
i=1 yi < 1

)
αe−αt

∫∞
0

τme−τ1
(∑m

i=1 yi < 1
)
αe−ατdτ

=
tme−(1+α)t

∫∞
0

τme−(1+α)τdτ
,

m∑

i=1

yi < 1.

Finally,

gMSE (y1, . . . , ym,m) = E [θ|Y1 = y1, . . . , Ym = ym,M = m]

=

∫∞
0

tm+1e−(1+α)tdt∫∞
0

τme−(1+α)τdτ
= E[Um+1]/E[Um],

where U is exponential with mean 1
1+α . Continuing,

gMSE(y1, . . . , ym,m) =
(

(m + 1)!
(1 + α)m+1

)
/

(
m!

(1 + α)m

)
=

m + 1
1 + α

.

For m = 1, gMSE(y1, 1) = 2
1+α .

Problem 17

(a)

fθ(y1, y2) =
1
4

exp

[
−

2∑

i=1

|yi − θ|
]

whence

ln fθ(y1, y2) = −ln4−
[

2∑

i=1

|yi − θ|
]

.

Hence,

gML(y1, y2) = arg min
−∞<θ<∞

[
2∑

i=1

|yi − θ|
]

. (1)

In (1) observe that for θ 6∈ [ỹ1, ỹ2], where (ỹ1, ỹ2) is a rearrangement of (y1, y2) such

that ỹ1 ≤ ỹ2, we have
2∑

i=1

|yi − θ| > ỹ2 − ỹ1 (≥ 0)

17



whereas for θ ∈ [ỹ1, ỹ2], we have

2∑

i=1

|yi − θ| = ỹ2 − ỹ1.

Hence, gML(y1, y2) = any value in [ỹ1, ỹ2], so that all the maximum-likelihood esti-

mates can be represented as:

g
(α)
ML(y1, y2) = αỹ1 + (1− α)ỹ2, 0 ≤ α ≤ 1. (2)

In order to identify the unbiased estimator(s) among these, we proceed as follows.

Note that

Eθ

[
g
(α)
ML (Y1, Y2)

]
= αEθ

[
Ỹ1

]
+ (1− α) Eθ

[
Ỹ2

]
, 0 ≤ α ≤ 1. (3)

Next,
Pθ

[
Ỹ1 ≤ y

]
= Pθ

[
{Y1 ≤ y}

⋃
{Y2 ≤ y}

]
, yε IR

= 2Fθ(y)− F 2
θ (y),

so that

f Ỹ1
θ (y) = 2fθ(y)− 2Fθ(y)fθ(y), y ∈ IR .

Also,
Pθ

[
Ỹ2 ≤ y

]
= Pθ

[
{Y1 ≤ y}

⋂
{Y2 ≤ y}

]

= Pθ [Y1 ≤ y] Pθ [Y2 ≤ y] = F 2
θ (y),

so that

f Ỹ2
θ (y) = 2Fθ(y)fθ(y), y ∈ IR

Hence, in (3),

Eθ

[
g
(α)
ML(Y1, Y2)

]
= α

[∫ ∞

−∞
y{2fθ(y)− 2Fθ(y)fθ(y)}dy

]

+ (1− α)
[∫ ∞

−∞
y · 2Fθ(y)fθ(y)dy

]
,

from which, for α = 1
2 , we get

Eθ

[
g
(1/2)
ML (Y1, Y2)

] ∫ ∞

−∞
yfθ(y)dy = Eθ[Y ] = θ, θ ∈ IR .
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Thus, g
(1/2)
ML (Y1, Y2) = 1

2

(
Ỹ1 + Ỹ2

)
= 1

2 (Y1 + Y2) is the desired unbiased ML estimate.

(b) Since

ft(y) =
{

1
2et−y, y ≥ t
1
2ey−t, y ≤ t

and

g(t) =
{

1
2 , −1 ≤ t ≤ 1
0, else

we get

fθ,Y (t, y) =





1
4et−y, −1 ≤ t ≤ 1, y ≥ t
1
4ey−t, −1 ≤ t ≤ 1, y ≤ t
0, else

from which we get that

gMAP (y) =

{−1, y ≤ −1
y, −1 ≤ y ≤ 1
1, y ≥ 1.

Problem 18

(a) For each θ > 0,

fθ(yn) =
(

1
2θ

)n

1
(
min

i
yi ≥ −θ

)
1

(
max

i
yi ≤ θ

)

=
(

1
2θ

)n

1
(
max

i
|yi| ≤ θ

)

so that

gML,n(yn) = max
1≤i≤n

|yi|, yn ∈ IRn .

(b) For each θ > 0,

gML,n(Y n)− θ = max
1≤i≤n

|Yi| − θ ≤ 0 Pθ − a.s., n = 1, 2, . . . ,

so that
√

n (gML,n(Y n)− θ) ≤ 0 Pθ − a.s. for n = 1, 2, . . . ,

and, hence,
√

n (gML,n(Y n)− θ) cannot converge to a Gaussian rv as n →∞.

(c) From f1(y) = 1
2 ·1 (|y| ≤ 1) and f2(y) = 1

4 ·1(|y| ≤ 2), together with P [θ = 1] = P [θ =

2] = 1/2. we obtain

f(y) =





3
8 , |y| ≤ 1
1
8 , 1 < |y| ≤ 2
0, else.
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Hence,

P [θ = 1|Y = 1] =
1
2 · 1

2
3
8

=
2
3

and P [θ = 2|Y = 1] = 1
3 . This means that

P [θ ≤ t|Y = 1] =

{ 0, t < 1
2
3 , 1 ≤ t < 2
1, t ≥ 2,

from which it follows that gMEM (1) = 1.

Problem 19

(a) If θt(Y t) = θ̂t(Y t) P -a.s., then θt must satisfy the orthogonality principle too. How-

ever, considering the affine estimator g : IRt → IR given by g(yt) = y1, yt ∈ IRt, we

see that

E
[(

θ − θt(Y t)
)
g(Y t)

]
= E

[(
θ − 1

t

t∑

`=1

Y`

)
Y1

)

= E

[(
θ − 1

t

t∑

`=1

(θ + N`)

)
Y1

]

= E

[(
1
t

t∑

`=1

N`

)
(θ + N1)

]
=

1
t
E[N2

1 ]

=
σ2

t
> 0,

i.e., θt does not satisfy the orthogonality principle.

(b) Since θt is a linear estimator of θ on the basis of Y t, we have

E

[(
θ − θ̂t(Y t)

)2
]
≤ E

[(
θ − θ(Y t)

)2
]

= E




(
θ − 1

t

t∑

`=1

(θ + N`)

)2



= E




(
1
t

t∑

`=1

N`

)2

 =

σ2

t
.

Hence, limt E

[(
θ − θ̂t(Y t)

)2
]

= 0, i.e., θ̂t (Y t) → θ in q.m., which implies that

θ̂t(Y t) → θ in probability,

so that the sequence of estimators {θ̂t}∞t=1 is (weakly) consistent.
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