ENEE 621: Estimation and Detection
Solutions: Problem Set 4 Spring 2007

Narayan

1
(a) Yoy, = E[Y1 — EM])?] = E[{(1+ N1)0 —1}*] = ... = 5 (check)

Hence, E[0]Y1] = g + 2oy, Zx_/ll(yl — Byy)-
Yov = E[(0 —1)(0 + N, — 1)] = 2.

. 2 3 2

El6 - 1Y1,Y2] = E[0 — 1[V1Y2 — E[Y2|Y3]]
= E[0 —1|V1] + E[9 — 1]Y2 — E[Y2|V1]]
le.
E[0|Y1,Ys] = 1+ E[0|Y1] — 1 + E[0]Ys — E[Ya]Y3]] — 1
ie.,
E[0]Y1,Ys] = E[0|Y] — 1 + E[0]Y2 — [Ya|¥1]). (*)
We now compute E[0]Ys — E[Y3|Y1]] in (*). First observe that

EY2|Y1] = E[(1 + N,)8|Y1] = E[0|Y1] + E[ON,|Y1]

3 (3)

2 .
=z + 3Y1 + E[ON>|Y1], from (a)

In ($), note that since Y gy, v, = E[0N2(Y1 — 1)]

= E[AN,Y1] = E[AN20(1 + Ny)] = E[0°Ny(1 4+ Ny)]
= E[#*|E[N5 + N1 N3], because 6 is independent of (Ny, N3)
= E[6%]-[0+ 0] =0, because E[N;Ny] = E[N;]E[N5] =0
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we have E[0N,|Y1] = E[ON,] = E[0)E[Ns] = 0. Hence, in ($),

. 3 2

EYaVi] =S + 1.

[Ya|Y7] 5+51

~ 3 2 ~
:n-ﬂthﬂyﬁ—gméy

Then in (*),

E[0]Y; - E[Y2[V1]] = E[0]Y]
= o+ Sy S (Y —py),  (pp =0, why?)

= ug + 29{,251)}

Verify that

Yoy = ngf = ;—2, (1)
= EB7) =1+ (Y- 5 - 211)
:1+§—8(YZ—§_§Y1)
Thus, in (*)
BIOIY:, Ya] = B[V + o0 (Vs — 5 — 277,

(a)(b) Note that if we had replaced 6y L {W;}3° by the condition that 6y is indepen-
dent of {W;}§° in the problem statement, we’d have obtained that (6;, ") is Gaussian
as also (0,7, Y"). Then E [0;|Y!] = E [0,]Y"] and E [04.7|Y"] = E [0,+7|Y"] . Return-

ing to the problem at hand, I'll provide the initial steps below — the rest can be ob-

tained as in class albeit with more tedious calculations. Let éﬂt = [0,]Y?] ,ét+T /t 2

E[0y,r|Y"], T > 1. Observe that

t+T—1

Orr7 = 0ip1 + b Z Wi
i=t+1



t+T—1
= Oyt = Opp10 +0 Z E[W;|Y".
i=t+1

Since Y'e span {fg, {W,}4}, we have for i >t + 1 that W; L Y, so that E[W;|Y"] =
E[W;]=0.
= 017t = 01y VE=0,1,... and for all T > 1.
So the problem now becomes one of finding recursions for ét+1|t and ét|t as in class.
As in class, it follows that v, = Y; — E[Y;|Y* 1] = Y; —0,/,_; with E[iy] = 0, E[v,v,] =
[Zt/t—l +Qt} Ost-

Assume that QQ; >0 Vit
Next: 0t+1 = Qt + bWt, so that

ét+1|t = ét|t + bEI[Wt’Yt] (*)
Now,

EW,|YY = E[W|Y'™ !, 1] = E[W Y'Y + E[W,|vy], (notice E[W;|Y*™!] =0 why?)
= Xw, v [Zt|t—1 + Qt} - vt
= BW,(Y, - EY|[Y* ) [Sioor + Qi) 14
Notice that
E[W,(Y; - E[Y;|[Y*™"]) = EW,Y)] — E[W, E[Y,|[Y*]]
and E[W,E[Y;[Y* 1] =0, (why?)
Also,
E[W:Y]
= E[Wi(6: + W3)]
= E[W?] + E[W.0,], (E[W,0;] =0, why?)

:Qt



Therefore,
- ~1
EW,|Y"] = Qq [2t|t71 + Qt} vy
Thus, in (*)

5 5 -1
Orr1)e = Oppe + Q4 [Et\t—l + Qt] Vt.

Now, proceed as in class. In particular, you’ll get:
Orv1)t = Oe—1 + Ky

where

K; = (Et\tfl + th) (Et|t71 + Qt)_l .
There will be appropriate modifications in the recursions for }-,  ;, (in terms of 3, ;) and
Zt‘t (in terms of Zt|t—1)'

[3] Not true. For instance, let Y L Z with py = 0. Then E[Y|Z] = puy = 0. Then RHS
= E[0|Y,0] = E[0|Y] # E[0]Y,Z] = LHS. (Is Y L Z the only case when LHS #
RHS?).

[4] Hmx, = 0.
Y (X1, Xng) = B Xn - [Xn1 Xpya]]
= [E[Xan—l] E[Xan+1H
= [Rl R1], since R; :R_Z‘, 1= 1,2,....
Xn—l

E(anl’XTH*l) =E |:[Xn+1:| [Xn—l Xn+1]:|
_|Ro R
|Re Ro|’

Since Ry # Ro by hypothesis, we see that Z(_)%n—ly Xpi1) exists, and
2—1 _ 1 |: RO _R2‘|
(Xn—1,Xn41) (R2—R3) |-R2 Ro

4



Hence,

EA[Xn‘Xn—lan—i—l]

1 Ry —Ry|[Xn_
w3
_ R1
= (m) (Xn—l + Xn-l—l)'
[5] (1)
Fu(y™) = t7"ult — max y;) - u( min y;). (*)
1
V(t)zb_a, a<t<b €33)
Hence,
I/yn(t) _ ft(JZCU(T;lV)(t), a<t<b, <*3)
where
b
f™)y = [ fly™)v(t)dt
1 b
= m/ " u(t — mlaxyi) -u(miinyi)dt
— W / { }u(b — max{a, max y; })dt
max{a,max; y;
ie.,

ny  w(ming y;)u(b — max{a, max; y; }) b "
f(y ) Bl (b - a) /rnax{a,rnaxi Yi} Lt
_ u(min; y; )u(b — max{a, max; y; }) (+4)
(b—a)(n—1)

—(n—1)
X [(max{a,maxyﬁ) - b_("_l)} .

The desired form of v« (t) follows upon substituting (*), (**), and (*1) in (*3).
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i1) From (i), the posteriori density function v,~(t),a < t < b, has a unique maximum
( ) ) p y Y ) ) q

at

t = max{a, maxy;},
(3
so that
gmap(y") = max{a, max y;}.
1<i<n

(iii) Consider first the conditional expectation

Elgnap(Y™)0] = E [max{a,mZaXYi}W]

=abPy (maXYi<a>—|—/ u(in (maxY,-Su)
i >e  \du i

u_

Jau

. 0 d n n+1 0
=22 —l—/ u—(u—>du:a +£n u"du
a U 0 a

gn

_ 9—7’L+ n
Cn+1 n+1

an—l—l n (gn—l—l o an—l—l) an—l—l

= Bias = E[gyap(Y") — 0] = E[E [gpap(Y™)|0] — 6]

6

an—l—l . n
=By e
1 1
_ E n+10—n gl =
CEA =&+

T (n2— 16;(17—@) [“‘“%)n} N z(an—ibn

Note that gysap is asymptotically unbiased.
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(iv)

b
pse(y") = EOIY" =) = [ tvn 0y

n—1 .
— . , from part (7)
[(max{a,maxi yi})(n_ ) b_(”_l)] u (b — max{a, maz;y;})

b
></ t-t7"dt wu(b— max{a, max;y;})

max{a,max; y; }

B (n - 1) (max{a, max; yi})f(n%) —p~(n=2)

n—2) (max{a, max; yi})_(”_l) — b—(n—1)
(v)
a+b 3 6 3
E[0] = 5 T o E[Y1]0] = 5 EY ] = 1

Yoy, = E[0Y1] — E[0]E[Y1]

= FE [E[0Y1|0]] — g, notice that E[0Y1]0] = 62 /2

2. 9 1 9 7 9 1
:E———:— 2 2 _—_= = = = = —,
[Fl-g=gl*tab+a’]-g=5g-5=5

9 9 63 9

Yy, = E[Y2— = =E[E[Y20|l - = =E|=—| — —

= (b* +ab+a*)/9—9/16 = 31/144

+1 144( 3)
24 311 14

6 3
—(vn-2).
+31(1 4)



