
ENEE 621: Estimation and Detection

Solutions: Problem Set 4 Spring 2007

Narayan
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(a)
∑

Y1
= E[Y1 − E[Y1])2] = E[{(1 + N1)θ − 1}2] = . . . = 5 (check)

Hence, Ê[θ|Y1] = µθ +
∑

θY1

∑−1
Y1

(Y1 − µY1).

ΣθY1 = E[(θ − 1)(θ + θN1 − 1)] = 2.

⇒ Ê[θ|Y1] = 1 +
2
5
(Y1 − 1) =

3
5

+
2
5
Y1.

(b)

Ê[θ − 1|Y1, Y2] = Ê[θ − 1|Y1Y2 − Ê[Y2|Y1]]

= Ê[θ − 1|Y1] + Ê[θ − 1|Y2 − Ê[Y2|Y1]]

i.e.

Ê[θ|Y1, Y2] = 1 + Ê[θ|Y1]− 1 + Ê[θ|Y2 − Ê[Y2]Y1]]− 1

i.e.,

Ê[θ|Y1, Y2] = Ê[θ|Y1]− 1 + Ê[θ|Y2 − [̂Y2|Y1]]. (∗)

We now compute Ê[θ|Y2 − Ê[Y2|Y1]] in (*). First observe that

Ê[Y2|Y1] = Ê[(1 + N2)θ|Y1] = Ê[θ|Y1] + Ê[θN2|Y1]

=
3
5

+
2
5
Y1 + Ê[θN2|Y1], from (a)

($)

In ($), note that since
∑

θN2,Y1
= E [θN2(Y1 − 1)]

= E[θN2Y1] = E[θN2θ(1 + N1)] = E[θ2N2(1 + N1)]

= E[θ2]E[N2 + N1N2], because θ is independent of (N1, N2)

= E[θ2] · [0 + 0] = 0, because E[N1N2] = E[N1]E[N2] = 0
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we have Ê[θN2|Y1] = E[θN2] = E[θ]E[N2] = 0. Hence, in ($),

Ê[Y2|Y1] =
3
5

+
2
5
Y1.

⇒ Y2 − Ê[Y2|Y1] = Y2 − 3
5
− 2

5
Y1

∆= Ỹ .

Then in (*),

Ê[θ|Y2 − Ê[Y2|Y1]] = Ê[θ|Ỹ ]

= µθ + ΣθỸ Σ−1

Ỹ
(Ỹ − µỸ ), (µỸ = 0, why?)

= µθ + ΣθỸ Σ−1

Ỹ
Ỹ

Verify that

ΣθỸ =
6
5
, ΣỸ =

79
25

, (?!)

⇒ E[θ|Ỹ ] = 1 +
6
5
· 25
79

(Y2 − 3
5
− 2

5
Y1)

= 1 +
30
79

(Y2 − 3
5
− 2

5
Y1)

Thus, in (*)

Ê[θ|Y1, Y2] = Ê[θ|Y1] +
30
79

(Y2 − 3
5
− 2

5
Y1).

[2]

(a)(b) Note that if we had replaced θ0 ⊥ {Wt}∞0 by the condition that θ0 is indepen-

dent of {Wt}∞0 in the problem statement, we’d have obtained that (θt, Y
t) is Gaussian

as also (θt+T , Y t). Then E [θt|Y t] = Ê [θt|Y t] and E [θt+T |Y t] = Ê [θt+T |Y t] . Return-

ing to the problem at hand, I’ll provide the initial steps below – the rest can be ob-

tained as in class albeit with more tedious calculations. Let θ̂t|t
∆= Ê [θt|Y t] , θ̂t+T/t

∆=

Ê[θt+T |Y t], T ≥ 1. Observe that

θt+T = θt+1 + b

t+T−1∑

i=t+1

Wi
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⇒ θ̂t+T |t = θ̂t+1|t + b

t+T−1∑

i=t+1

Ê[Wi|Y t].

Since Y tε span {θ0, {Ws}t
0}, we have for i ≥ t + 1 that Wi ⊥ Y t, so that Ê[Wi|Y t] =

E[Wi] = 0.

⇒ θ̂t+T |t = θ̂t+1|t ∀t = 0, 1, . . . and for all T ≥ 1.

So the problem now becomes one of finding recursions for θ̂t+1|t and θ̂t|t as in class.

As in class, it follows that νt = Yt−E[Yt|Y t−1] = Yt− θ̂t/t−1 with E[νt] = 0, E[νtνs] =
[∑

t/t−1 +Qt

]
δst.

Assume that Qt > 0 ∀t
Next: θt+1 = θt + bWt, so that

θ̂t+1|t = θ̂t|t + bÊ[Wt|Y t]. (∗)

Now,

Ê[Wt|Y t] = Ê[Wt|Y t−1, νt] = Ê[Wt|Y t−1] + Ê[Wt|νt], (notice Ê[Wt|Y t−1] = 0 why?)

= ΣWt,νt

[
Σt|t−1 + Qt

]−1
νt

= E[Wt(Yt − Ê[Yt|Y t−1])
[
Σt|t−1 + Qt

]−1
νt

Notice that

E[Wt(Yt − Ê[Yt|Y t−1]) = E[WtYt]− E[WtÊ[Yt|Y t−1]]

and E[WtÊ[Yt|Y t−1]] = 0, (why?)

Also,

E[WtYt]

= E[Wt(θt + Wt)]

= E[W 2
t ] + E[Wtθt], (E[Wtθt] = 0, why?)

= Qt
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Therefore,

Ê[Wt|Y t] = Qt

[
Σt|t−1 + Qt

]−1
νt

Thus, in (*)

θ̂t+1|t = θ̂t|t + bQt

[
Σt|t−1 + Qt

]−1
νt.

Now, proceed as in class. In particular, you’ll get:

θ̂t+1|t = θ̂t|t−1 + Ktνt

where

Kt =
(
Σt|t−1 + bQt

) (
Σt|t−1 + Qt

)−1
.

There will be appropriate modifications in the recursions for
∑

t+1|t (in terms of
∑

t|t) and
∑

t|t (in terms of
∑

t|t−1).

[3] Not true. For instance, let Y ⊥ Z with µY = 0. Then Ê[Y |Z] = µY = 0. Then RHS

= Ê[θ|Y, 0] = Ê[θ|Y ] 6= Ê[θ|Y,Z] = LHS. (Is Y ⊥ Z the only case when LHS 6=
RHS?).

[4] µXn = 0.

ΣXn,(Xn−1,Xn+1) = E[Xn · [Xn−1 Xn+1]]

= [E[XnXn−1] E[XnXn+1]]

= [R1 R1], since Ri = R−i, i = 1, 2, . . . .

Σ(Xn−1,Xn+1) = E

[[
Xn−1

Xn+1

]
[Xn−1 Xn+1]

]

=
[

R0 R2

R2 R0

]
.

Since R0 6= R2 by hypothesis, we see that Σ−1
(Xn−1,Xn+1)

exists, and

Σ−1
(Xn−1,Xn+1)

=
1

(R2
0 −R2

2)

[
R0 −R2

−R2 R0

]
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Hence,

Ê[Xn|Xn−1, Xn+1]

=
1

(R2
0 −R2

2)
[R1 R1]

[
R0 −R2

−R2 R0

] [
Xn−1

Xn+1

]

=
(

R1

R0 + R2

)
(Xn−1 + Xn+1).

[5] (i)

ft(yn) = t−nu(t− max
i≤i≤n

yi) · u( min
1≤i≤n

yi). (∗)

ν(t) =
1

b− a
, a ≤ t ≤ b. (∗∗)

Hence,

νyn(t) =
ft(yn)ν(t)

f(yn)
, a ≤ t ≤ b, (∗3)

where

f(yn) =
∫ b

a

ft(yn)ν(t)dt

=
1

(b− a)

∫ b

a

t−n · u(t−max
i

yi) · u(min
i

yi)dt

=
u(mini yi)

(b− a)

∫ b

max{a,maxi yi}
u(b−max{a,max

i
yi})dt

i.e.,

f(yn) =
u(mini yi)u(b−max{a,maxi yi})

(b− a)

∫ b

max{a,maxi yi}
t−ndt

=
u(mini yi)u(b−max{a,maxi yi})

(b− a)(n− 1)

×
[(

max{a,max
i

yi}
)−(n−1)

− b−(n−1)

]
.

(∗4)

The desired form of νyn(t) follows upon substituting (*), (**), and (*4) in (*3).
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(ii) From (i), the posteriori density function νyn(t), a ≤ t ≤ b, has a unique maximum

at

t = max{a,max
i

yi},

so that

gMAP (yn) = max{a, max
i≤i≤n

yi}.

(iii) Consider first the conditional expectation

E [gMAP (Y n)|θ] = E
[
max{a,max

i
Yi}|θ

]

= aPθ

(
max

i
Yi < a

)
+

∫

u≥a

u

(
d

du
Pθ

(
max

i
Yi ≤ u

))
du

=
a · an

θn
+

∫ θ

a

u
d

du

(
un

θn

)
du =

an+1

θn
+

n

θn

∫ θ

a

undu

=
an+1

θn
+

n

θn

(
θn+1 − an+1

n + 1

)
=

an+1

n + 1
θ−n +

n

n + 1
θ

⇒ Bias = E [gMAP (Y n)− θ] = E [E [gMAP (Y n)|θ]− θ]

= E

[
an+1

n + 1
· θ−n +

n

n + 1
θ − θ

]

=
1

(n + 1)
E

[
an+1θ−n − θ

]
=

1
(n + 1)

[
an+1

∫ b

a

θ−n

(b− a)
dθ − (a + b)

2

]

...

=
a

(n2 − 1)(b− a)

[
a− b

(a

b

)n]
− a + b

2(n + 1)
.

Note that gMAP is asymptotically unbiased.
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(iv)

gMSE(yn) = E[θ|Y n = yn] =
∫ b

a

tνyn(t)dt

=
n− 1[

(max{a,maxi yi})(n−1) − b−(n−1)
]
u (b−max{a,maxiyi})

, from part (i)

×
∫ b

max{a,maxi yi}
t · t−ndt u (b−max{a,maxiyi})

=
(

n− 1
n− 2

)
(max{a,maxi yi})−(n−2) − b−(n−2)

(max{a,maxi yi})−(n−1) − b−(n−1)

(v)

E[θ] =
a + b

2
=

3
2
; E[Y1|θ] =

θ

2
⇒ E[Y1] =

3
4
.

ΣθY1 = E[θY1]− E[θ]E[Y1]

= E [E[θY1|θ]]− 9
8
, notice that E[θY1|θ] = θ2/2

= E[
θ2

2
]− 9

8
=

1
6

[
b2 + ab + a2

]− 9
8

=
7
6
− 9

8
=

1
24

.

ΣY1 = E[Y 2
1 ]− 9

16
= E[E[Y 2

1 |θ]]−
9
16

= E

[
θ3

3

]
− 9

16

= (b2 + ab + a2)/9− 9/16 = 31/144

⇒ Ê[θ|Y1] =
3
2

+
1
24
· 144

31
(Y1 − 3

4
)

=
3
2

+
6
31

(
Y1 − 3

4

)
.
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