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INFORMATION THEORY

DATA PROCESSING

Markov chains

Consider a collection of rvs, sayX;, ..., X, defined on the same probabil-
ity triple. For eachi = 1,...,n, the rv.X; is X;-valued withX; a finite set. We
shall write

X" = X?:l‘)(i-

The rvsXy,..., X, are said to form Markov chainif the conditions

P[Xl :$17X2 :JZQ,...,Xn:I'n]
n—1
(1) = PIXi = o] [ [ pen(@ealan), (21,00 20) € X7
k=1

all hold where foreack =1,...,n — 1, we require

0 < prs1(@pga|zr) <1
, T € X, Tpy1 € Xy
sz+1€xk+1 Pr+1 (xk+1|‘rk) =1

The Markov chain property of the rv&,, ..., X, is concisely represented
through

Xi—Xo—...— X,_1 — X,.

Simple facts
Here are some simple facts concerning Markov chains as needed in the context
of Information Theory.

Fact0.1If X, — Xy — ... —» X,,_1 — X,,, thenforeachk = 2,....,n —1,
thervs{X;, i =1,2,....,k—1}and{X;, j =k+1,k+2,...,n} are mutually
independent given Xj.
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The Markov property is inherited by taking subsets.

Fact0.2 If X; — Xy — ... — X, 1 — X, then for any subset [ of {1,...,n}
with |I| > 2, the collection of rvs { X, i € I} is also a Markov chain, namely if
I'={iy,... ix} withiy <iy < ... <y forsomek =2,... n,then

X21—>X22—>—>sz

Proof. Note thatifX; — X, — ... —» X,,_1 — X, then

P[Xl :Jfl,XQ :$27"'7Xn—1 :mn—l]
= ZP[Xlle,XQZIg,...,Xn:l'n]

l‘nexn
n—1
= Z P[X, = 2] Hpk+1($k+1|$k)
TnE€Xn k=1
n—2
= Z P[Xl = 901] Hpk+1($k+1|$k)]?n($n|$n71)
T €Xn k=1
n—2
= PIXi =] [ [ pesi (@rgalan) < > Pn($n|xn1)>
k=1 T E€EXn
n—2
2) = PXy =] [[ per(@epalon), (21,0 20o0) € X7
k=1

since
Z pn(xn‘xnfl)a Tp1 € anla

wnGXn
and itis now plain thall; — X, — ... — X,,_1.
Similarly, if X; —- X, — ... — X,,_1 — X,,, then
IP) [XZ =T2,... 7Xn71 == $n,1,Xn == :Cn]
= Z PXi=2, X0 =29,..., Xpp 1 = 7,1, Xy, = 1

r1E€X]

= Z PX, = z4] ﬁpk+1($k+1|xk)

r1E€AX] k=1
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n—1
= ( Y PlXi= fEl]P2($2|$1)> L1 pr(rialze)
r1E€X] k=1
n—1
@ = PXo = [[pesr(@enlar), (22, 20) € Xy x ... x X,
k=2

as we note that

PXy=a5] = Y P[Xy = 1] palaa|ar).

T1€EAX]
Just apply (1) and use the conditions

Z pk+1(xk+1\xk):1 k:L...,n—l
’ T € Xy
Tht1E€EXp41
andwegetXs — Xo — ... = X,,_1 — X,,.

Finally, assuming: > 3, pick2 < ¢ < n — 1. Similar arguments show that
removing X, does not change the Markov property of the remaining rvs. Thus
removing any one of the rvs does not change the Markov property. Iterating this
operationk times with the rvs with index i yields the result. [ |

Reversing time does not change the Markov property.

Fact0.3If X; — Xy — ... — X,_1 — X, then it is also the case that
X, = Xp1—...— X9 — Xy

Proof. From (1) we note that

P[Xn - yl;Xn—l - y27"'7X1 - yn]
= PXi=yn Xo=0n-1,-.., X1 = 12, X5y = 9]

n—1

(4) = PIXi =va] [ [ orsrlvi—1), (.- mn) € X7
k=1

Data Processing Inequalities
We begin with the Data Processing Inequality in its standard form.
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Lemma 0.1 For any Markov chain X — Y — Z, it is the case that

(5) I(X;2) <I(X;Y)
and
(6) I(X;2)<I1(Z;Y).

Proof. By the chain rule for mutual informations applied0X; (Y, 7)) twice,
we find

(7) I(X;(Y,2)) =1(X;Y)+ I(X; Z]Y)
and
(8) I(X;(Y,2)) = 1(X;2) + 1[(X;Y]X)

The Markov propertyX — Y — Z implies thatX andZ are conditionally
independent givel’, whencel (X; Z|Y') = 0. Thus,

9) I(X; (Y, 2)) = [(X:Y)
and we conclude that
(10) I(X;2)+ I[(X;Y|X)=1(X;Y).

The desired conclusion (5) now follows sinteX; Y| X) > 0.
By Fact 0.3 we note that — Y — X sinceX — Y — Z, and applying (5)
(this time withX «— Z,Y « Y andZ «+ X) yields (6). [ |

In the context of the Channel Coding Theorem, the following version of the
Data Processing Inequality is needed.

Lemma 0.2 For any Markov chain X — U — V — Y, we have

(11) I[(X;Y) < I(U; V).
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Proof. By Fact 0.2 the Markov propertf{ — U — V — Y implies both

(12) X—-V-=Y
and
(13) X —-U-=YV.

Applying Lemma 0.1 to (12) and (13) we get

(14) I(X;Y) < I(X;V)

and

(15) I(X;V)<I(U;V).

The conclusion (11) follows by combining (14) and (15). [ |

The Markov property and the DMC
Consider the DMC with channel matriR = (p(y|z), x € X, y € V). The
messagel to be sent is selected from a set bf distinct messages1 =
{1,2,..., M} with M some positive integer. For eaeh= 1.2...., consider the
(M,n)-codeC,, = (fn,g,) with encoding functiory,, : M — &A™ and decoding
functiong,, : Y" — M.
The string of symbolsX™ to be sent over the channel is specified by

X" = fn(W>7

and upon receiving the string of symbafs’, the estimatéV’ is generated accord-
ing to

W =g, (Y").
As usual the DMC assumption is encapsulated through

PY" =y"| X" =" = || pluelar), a" € X" y" €Y
k=1
Lemma 0.3 With the usual notation, for eachn = 1,2, ..., we have

(16) W X" YW

provided W is selected independently of the operation of the DMC.
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Proof. Selectw in M, ™ in X™, y™ in Y™ andv in M. Note that

P W:w,X”:m",Y":y"7W:v]
= PW=w,X"=2"Y"=9y",0,(Y") =]
= PW=wX"=2"Y" =y",g.(y") =]
= PW=wX"=2"Y"=y"]-(g9.(y"),v)

= PW=wX"=2a"| Hp Yrlx) - 0(gn(y"), v)
k=1
= PW=w,f,(W)= HP Yrlzk) - 6(gn(y"), v)
k=1
(17) = P[W =w]-§( HP Yrlzw) - 6(gn(y"), v)-
k=1

Basic arguments in the converse of the CCT
The converse to the Channel Coding Theorem results from the following chain
of arguments:
AssumelV to be uniformly distributed over the message.s¢tand indepen-
dent of the operation of the DMC. Thus,

log, M
= HW)
H(W[W) + I(W; W)
1+log, M -P A # i + I(W; W) (Fano’s Inequality)

IA

IA

1+ logy, M - P W # il +I(X™Y") (DataProcessing)

1+log, M- P|[W £ W| + H(Y") — HY"|X")

- 1+log2M-IP’_W7éW FHY™) - ZHY|X” yi-h
B i=1
(Chain rule for conditional entropy)
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— 1+4log, M-P[W £W|+H(Y") -3 H(Y|X,) (DMC)
) ) i=1

< 1+log, M-P[W 2 W[+ Y HY) =Y HYIX))
) . i=1 i=1

= 14log, M-P[W £ W]+ 1(X;Y)
) . i=1

< 14logy, M -P|W # W- +nC (Definition of channel capacity for the DMC)

In short,

log, M +M.p[ﬁ7¢w}+c

1
n n n

(18)




