ENEE630 ADSP Part III w/ solution

1.  Assume that v(n) is a real-valued zero-mean white Gaussian noise with o2 = 1, x(n) and y(n)
are generated by the equations
z(n) =0.5z(n — 1) +v(n),

y(n) = z(n—1) + x(n).

(a) Find the power spectrum of sequence z(n), and its power.
(b) Find the power spectrum of sequence y(n), and its power.
(c) Calculate 7, (k) for k£ =0,1,2,3.

Assume now we don’t know the real model of the signal, and we want to estimate its power spectrum
from r, (k) obtained in part (c). Estimate power spectrum using the following methods:

(d) ARMA(1,1) spectral estimation.
(e
(f
(

g) Minimum variance spectral estimation with order 1.

R(2) spectral estimation.

) A
) Maximum entropy spectral estimation with order 2.

Solution:
(a) x(n) can be modeled as AR(1). Hence,

o2 1

o(w) (1 —0.5e77%)(1 — 0.5e7*)  1.25 — cosw

For AR(1) process, we know that 7, (k) = (0.5)*l7,(0) and r,(0) = 4/3.
(b) y(n) can be modeled as ARMA(1,1).

(I+e7)(14e¥)  2+2cosw
(1—0.5e79%)(1 — 0.5e7%) ~ 1.25 — cosw’

Py(w) =

ry(0) = 27r,(0) + 2r,(1) = 4.

(c) ry(0) = 4. ry(1) = 2r5(1) + r5(0) + 74(2) = 3. 74(2) = 3/2. ,(3) = 3/4.

(d) Since the assumed model perfectly matches the real model, the estimated spectrum is exactly
the true spectrum

(I+e9)(1+e*)  242cosw
(1 —0.5e79«)(1 — 0.5¢%) ~ 1.25 — cosw’

Paryva(w) =

(e) Use the Yule-Walker equation,

o] ] =1



a; = —15/14,a3 = 3/7. v(0) + a1r(1) + azr(2) = 02, we have o2 = 10/7.

10/7

P = : : : —
AR(W) (1 — 15/14e—7% + 3/Te—722)(1 — 15/14e7% + 3/Tei %)

(f) Maximum entropy is equivalent to AR for Gaussian processes, and hence the result is the
same with (e).
(g) Lt s
RY'=_| . |
7 [—3 4 ]
p+1 7

Puvse(w) = el R~ 6_4—3cosw

2. Show that the periodogram spectrum estimator will result in biased results if an N-point

rectangular window is applied, i.e., Ppgr(w) = +| Zn 0 ' 2(n)e=9%"|2 is biased.

Solution:
E[Pppr(w)] = E[§| 205 w(n)e 7" 2] = R B[, a(n)e 7m0 Zg a* (m)e/™]
= & X0s0 Tz Ele(n)a* (m)]e=d«=m) — L3S g r(n—m)e I = L SV (N
1)r(De '~ vy (L= U/N)r(@)e=7!
Note that the true spectrum is the Fourier transform of {r(l)}, i.e., P(w) = >, 7()e™*!. As a
result, E[Pppr(w)] = P(w) * wp(w) is a “smeared” version of the true spectrum, where wp(w) is

the Fourier transform of a triangle waveform (and hence has the form of sinc(-)?).

3. Consider a wide-sense stationary process consisting of p distinct complex sinusoids in white

noise with variance o2, i.e.

v(n)

p
3 Aeiniten)
i=1

where A; and ¢; are uncorrelated, and ¢; is a uniformly distributed random variable in [0, 27).
(a) Find the autocorrelation function r(k) = E[z(n)x(n — k)].
(b) Find the (p+ 1) x (p+ 1) correlation matrix R.

Solution:
(a) (k) = E(x(n)z*(n—k)) = >.0_, Pe™9%ik 4 525(k), since many cross terms are uncorrelated.
(b) Denote the column vector u; = (1,e/,...,e*?)T. R ="  Puulf+5°T = SPS"+0%I,
where P = diag(Py, P, ..., Pp), and S = [uj,us,...,up,| is a (p + 1) X p matrix.

4. Consider a random process

z(n) = Aexplj(nwo + ¢)] + agv[n] + arvln — 1],



where {v[n]} is a white noise process with zero mean and variance o2. The phase ¢ is uniformly
distributed over [0, 27) and uncorrelated with v[n]; and A,wp, o, and «; are real-valued constants.

(a) Find the autocorrelation function for {x[n]} in terms of A,wy, ag, a1, and o2. Your solution
should provide all the necessary steps and justifications.

(b) Consider the process in {z[n]} for the case of ap = 1 and ay = 0. First, determine the eigen
values of an M x M correlation matrix of the {x[n]} process. Next. suppose we have observed N
samples, x[0], z[1],...,z[N — 1]. Use equation, diagram, and concise words to describe the average
periodogram method for estimating method for estimating the power spectrum density of the {z[n]}

process.

Solution:
(a) Let us denote z[n] = s[n] + u[n], where and s[n] = Ae/®eiwon y[n] 2 apvin] + ayv[n — 1] are

zero mean and uncorrelated. Therefore, autocorrelation function r, (k) can be written as,
re(k) = rs(k) + ro(k),

rsk can be calculated as following,

ro(k) = El[s[n]s*[n — k]
= E[A€j¢ejw0",Ae_j¢e_jw0("_k)]
= E[A2e.]w0k]
= Azejwok

u[n] is a 2"® order MA process. So, it’s autocorrelation function r,(k) can be calculated as

following,

ry(k) = Fluln|ux*[n— k]
= FE|(agvn] + arv[n — 1])(agv[n — k] + ayv[n — k — 1])*]
= (af + a})op0[k] + (aoaro}) (6[k—]) + o[k + 1])

A% + (a3 + a?)o?,  k=0;
= 1ok = A2eI90 4 qpar02, || = 1;
A2eiwok |k| > 1.

(b) when ag = 1, a1 = 0, r.(k) = A2e/“oF + 52§[k]. The autocorrelation matrix can be written
as following,
Ry = Rg + o1,



1 eJwo = J(M-1)wo

e~Jwo 1 ...
where Rg = A? ) ] = A2eel!
1
e_jwo
where e =
e_jwo(M_l)

Note that, Rg is Hermitian non-negative definite matrix of rank 1 (all rows can be represented
as a scalar multiplied by first row). Therefore, Rg has one eigenvector corresponding to a positive
eigenvalue and M — 1 eigenvectors to zero eigenvalue. Let us denote the positive eigenvalue as A\q
and corresponding eigenvector as vy,

Rsvi = Aivy
Note that following equation also holds true,

Rge = A’eel’e = M A%e

Therefore, e is the eigenvector vi and the eigenvalue A\ = M A?. If u is an eigenvector of Ry, it is

also an eigenvector of Rg and the corresponding eigenvalues differ by o2.

Rxu = X\u
Ru = (Rs+o0;T)u
= RSE—I-J?,Q
=Rsu = (A, —op)u

Hence, the eigenvalues of Ry are M A% + o2 and o2.

See class notes for average periodogram.

5. Assume the signal z(n) = acos(wn + ¢) + v(n), where a is an unknown constant, v(n) is a
white Gaussian noise independent of the sinusoid. Suppose we know the autocorrelation coefficients

7(0) = 3, r(1) = v/2, and r(2) = 0, determine the frequency of the sinusoid w and the noise power

2

o

Solution:
The cosine wave is two exponential signals with frequencies +w. We have to use 3 x 3 correlation

matrix,



3 V2 0
R=|Vv2 3 V2
0 v2 3
The eigenvalues are 1, 3, 5; the eigenvector corresponding to the minimum eigenvalue is (1, —v/2,1)7.
According to the MUSIC /Pisorenko algorithm, 02 = 1, 1 —1/2¢/% + /2% = (. Solving the equation,

we get w = /4.



