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Review: Two-channel Filter Bank

Recall: the 2-band QMF bank example in subband coding
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. . 6.1 Errors Created in the QMF Bank
® Quadra/iureenMdIiZ?rDZtZ?IreSQD’\:E\)/a?iZ:‘; 6.2 A Simple Alias-Free QMF System
ppencix: 6.A Look Ahead

6.1 Errors Created in the QMF Bank

The reconstructed signal %[n] can differ from x[n] due to
Q aliasing
@ amplitude distortion
© phase distortion

@ processing of the decimated subband signal vi[n]

e quantization, coding, or other processing

e inherent in practical implementation and/or depends on
applications
= ignored in this section.

Readings: Vaidynathan Book 5.0-5.2; Tutorial Sec.VI.
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Input-Output Relation
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Examine the input-output relation:
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Input-Output Relation

X(2) = SlHo(e)Folz) + ()R] X(2) +
2 IHo(~2)Fol2) + Hh(~2)Fa(2)] X(~2)

In matrix-vector form:
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What is X(—z)?

o X(—2)|,—ejw = X(w — ), i.e., shifted version of X(w)

Referred to as the “alias term”.
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If X(w) is not bandlimited by 7/2, then X(—z) may overlap with
X(z) spectrum.

In the reconstructed signal X[n], this alias term reflects aliasing due
to downsampling and residue imaging due to expansion.
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Linear Periodically Time Varying (LPTV) Viewpoint

Write X(z) expression as: X(z) = T(2)X(z) + A(z)X(-z)

i.e., alternatingly taking output from one of the two LTI subsystems
(note: input and ouput have the same rate)
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Linear Periodically Time Varying (LPTV) Viewpoint

s Cro(d) ¥y
0 — X[w
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If aliasing is cancelled (i.e., A(z) = 0), this will become LTI with
transfer function T(z).

Questions: Why we may want to permit some aliasing?

@ To avoid excessive attenuation of input signal around w = 7 and
expensive H(z) filters for sharp transition band, we permit some
aliasing in the decimated analysis bank instead of trying to

completely avoid it.

@ We then choose synthesis filters so that the alias components in the
two branches can cancel out each other.
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Alias Cancellation

To cancel aliasing for all possible inputs x[n] s.t.
Ho(—2z)Fo(z) + Hi(—2z)F1(z) =0,

we can choose
Fo(z) = Hi(-2)

(a sufficient condition)
Fi(z) = —Ho(-2)

Example: sketch intermediate spectrums step-by-step
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Alias Cancellation in the Spectrum

P.P. Vaidyanathan: "Multirate digital filters, filter banks,
polyphase networks, andapplications: a tutorial”,
Proceedings of the IEEE, Jan 1990, Volume: 78, Issue:

1, pages 56-93. DOI: 10.1109/5.52200
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Alias Cancellation in the Spectrum  (sketch)

Assume Hy(z) and Hi(z) have some overlap and across /2
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Amplitude and Phase Distortions

For an aliasing-free QMF bank, X(z) = T(z)X(z2),
where T(z) = % [Ho(z)Fo(2) + Hi(2)F1(2)]
= 3 [Ho(2)Hi(~2) — H1(2)Ho(~2)]

This is called the distortion transfer function, or the overall
transfer function of the alias-free system.

Let T(w) = | T(w)|ef®)

To prevent amplitude distortion and phase distortion, T(w) must
be allpass (i.e. |T(w)| =« # 0 for all w, a is a constant) and
linear phase (i.e., ¢(w) = a+ bw for constants a,b)

ENEE630 Lecture Part-1 12/38



. . 6.1 Errors Created in the QMF Bank
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Properties of T(z)

@ Perfect reconstruction (PR) property: if a QMF bank is free
from aliasing, amplitude distortion and phase distortion,
ie., T(z) =cz ™ = X[n] = cx[n — ng]

e With our above alias-free choice of Fy(z),
T(z) is in the form of T(z) = W(z) — W(-z),
where W(z) = Ho(z)H1(—2).

= T(z) has only odd power of z (as the even powers get
cancelled), i.e., T(z) = z715(z?) for some S(z).

So | T(w)| has period of 7 (instead of 27).
And for real-coefficient filters, this implies | T (w)| is symmetric
w.rt. m/2 for 0 <w < 7.
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6.2 A Simple Alias-Free QMF System

Consider the analysis filters are related as
H1(z) = Ho(—2)

For real filter coefficients, this means |Hi(w)| = |Ho(m — w)].
. |Ho(w)| symmetric w.r.t. w = 0; |Hy(w)| ~ shift |Ho(w)| by 7.

If Ho(z) is a good LPF,

i.e., |Hi(w)] is a mirror image of |Hp(w)] then Hy(2) is a good HPF.
wrt. w=m/2=2n/4,
the “quadrature frequency” of the Hel$) HG
normalized sampling frequency. X

ol -n"/)_ T N
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(1) QMF Choice and Alias-free Condition

With QMF choice of Hi(z) = Ho(—z), now the alias-free condition
becomes

Fo(z) = Hi(=2) N Fo(z) = Ho(z)
Fl(Z) = —Ho(—Z) Fl(Z) = —Hl(].Z)
All four filters are completely determined by a single filter Hy(z).

The distortion transfer function becomes

T(z) = 3 [H3(2) — H{(2)] = 5 [HG(2) — Hi(-2)]
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(2) Polyphase Representation of QMF

% beneficial both computationally and conceptually
Let Ho(z) = Eo(2%) + z7YE1(z?)  (Type-1 PD)
Then Hi(z) = Ho(—z2) = Eo(2?) — z 1 E1(2?)

In matrix/vector form,
Ho(z) ] [1 1 Eo(2?)
[ Hi(z) } - { 1 -1 ] [ z71E(2?) }
Similarly, for synthesis filters,
| Fo(z2) Fui(z) | =[ Ho(z) —Hi(z2) |

= [ z7'E(2?) Eo(22)]“ —11}
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Polyphase Representation: Signal Flow Diagram

w10 S]]
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Polyphase Representation: Efficient Structure

Rearrange using nobel identities to obtain efficient implementation:
Xy EaL&) ku E LS‘B S_\

§ L\k,)_—» E(U{) \EOLS')E \%XL"]
For Ho(z) of length N = Ex(z) has length N/2

@ Analysis bank: N/2 MPU, N/2 APU; same for synthesis bank
@ Total: N MPU & APU

T H2(2) = B3(2%) + Ef(2%)z72 + 2271 By (22) ER(2?)

So the distortion transfer function becomes

T(z) = % [Hg(z) — Hg(fz)] = 22_1E0(22)E1(z2)
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Appendix: Detailed Derivations
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Polyphase Representation: Matrix Form

xCnl =[] [EYH DWS—\
M Eme 1; iq——XL\ o) o > X L)
In matrix form: (with MIMO transfer function for intermediate stages)

[ EléZ) EO(ZZ) ] [ 1 —11 ] [ 1 —11 } { EoéZ) Elc()Z) ]

synthesis 20 analysis

% Note: Multiplication is

| 2E0(2)Ei(2) from left for each stage
0 2Ey(z)E1(2) when intermediate signals
are in column vector form.
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Observations

The distortion transfer function of QMF

T(z) = 2z 1 Ey(2?) E1(2?)
e If Hy(z) is FIR, so are Eo(z), E1(z) and T(z).

e For Hy(z) FIR and Hi(z) = Ho(—z), the amplitude distortion
can be eliminated iff Ey(z) and E;(z) represent a delay:

{Eo(z) =coz™ ™

El(Z) =cqz ™
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Observations

For Eo(z) and Ei(z) each representing a delay, we can only have
analysis filters in the form of

Ho(Z) = C()Zi2n0 + Clzf(2n1+l)
Hi(z) = coz %M — ¢ z—(2m+1)

Such filters don't have sharp cutoff and good stopband
attenuations.

Therefore H1(z) = Ho(—z) is not a good choice to build FIR
perfect reconstruction QMF systems for such applications as
subband coding.
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(3) Eliminating Phase Distortions with FIR Filters

If Ho(z) has linear phase, then we can show that
T(z) = 5 [H3(2) — H5(~2)]
also has linear phase (thus eliminating phase distortion).

Let Ho(z) = Z,’Yzo ho[n]z~" with ho[n] real. The linear phase and
low pass conditions lead to hg[n] = hg[N — n] (symmetric).

We can write Hp(w) = e vy R(w)

real valued
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(3) Eliminating Phase Distortions with FIR Filters

T(w) now becomes:

Note: |Hp(w)| = |R(w)| and
|Ho(w)]| is even symmetric

= T(w) = S5 [[Ho(w)? — (—1)V|Ho(m — w)|*]

If N'is even, T(w)|w=z =0, which brings severe amplitude
distortion around w = 7/2.

To avoid this, the filter order N should be odd (or length is even)
so that T(w) = &5 [|Ho(w)[? + |Ho(m — w)|?]
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(4) Minimizing Amplitude Distortion with FIR Filters

@ Recall: after choosing Hi(z) = Hp(—z), the amplitude
distortion can be removed iff Hy(z)'s two polyphase
components are pure delay.

But such Hy(z) doesn’t have good low-pass response.

@ For more flexible choices of Hy(z) while eliminating aliasing
and phase distortion, there will be some amplitude distortion.

e What we can do is to adjust the coefficients in Hp(z) to
minimize the amplitude distortion, i.e., to make T (w)
approximately constant:

[ Ho(w)? + [Hi(w)]? ~ 1
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(4) Minimizing Amplitude Distortion with FIR Filters

| Holw)[™ { 1 — too much overlap b/w Hy and H;
+ H(\w)\l @V"‘ 2 — too little overlap

kY 3 — good choice
. . (can be obtained by trial and error or by
o Tla ™ optimization formulation)

@ Recall T(z) has only odd power of z. For real-coeff. filter, | T(w)] is
symmetric w.r.t. 7/2 for 0 < w < 7.

@ By quadrature mirror condition, | T(w)] is almost constant in the
passbands of Hy(z) and Hi(z) if Hy(z) has good passband and
stopband responses.

@ The main problem is with the transition band. The degree of overlap
between Hyp(z) and Hy(z) is crucial in determining this distortion.

See Vaidyanathan's Book §5.2.2 for details and examples
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(5) Eliminating Amplitude Distortion with IIR Filters

How about IR filters?

@ The choice of E1(z) = E( y can lead to perfect reconstruction
and provide more room for designing H(z).

But the filters Hx(z) would become IIR and may not provide
desirable response.

e To completely eliminate amplitude distortion, T(z) must be
all-pass (which is 1IR).

@ Review: a lst-order all-pass filter G(z) = i’f:;j

= |G(w)| = 1; zero = —1/a*, pole = —a (conjugate reciprocal).
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(5) Eliminating Amplitude Distortion with IIR Filters

One way to make T(z) allpass is to choose Eyg(z) and E;(z) to be
IIR and allpass.

Let Eo(z) = # and Ei(z) = aléz) where ap(z) and a;i(z) are
allpass with |ap(w)| = |ag(w)| = 1.

The analysis filter becomes
_ 2 -1 2y _ a(2?)+z'a(2%)
Ho(z) = Eo(2°) + z7* E1(2°) = 25—
= possible to have good H(w) response with such all-pass polyphase form.
Explore PPV book 5.3

The overall distortion transfer function is allpass:
—1
T(z) = % a0(2%)a1(2%)
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Phase Distortion with IIR Filters

@ This design of QMF bank is free from amplitude distortion
and aliasing, regardless of the details of the allpass filters
ap(z) and a;i(2).

@ But the phase distortion remains due to the IIR components.
The phase distortion is governed by the phase responses of

ap(z) and a;i(z).
Question: Can ap(z) and a;(z) be designed to cancel out phase
distortion?

Note the difficulty in designing filters to meet many constraints.
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Summary

Many “wishes” to consider toward achieving alias-free P.R. QMF:
(0) alias free, (1) phase distortion, (2) amplitude distortion,
(3) desirable filter responses.

Can't satisfy them all at the same time, so often meet most of
them and try to approximate/optimize the rest.

A particular relation of synthesis-analysis filters to cancel alias:

{IZ’Z; z Ij-(lo_(z—)z) s.t. Ho(—z)Fo(z) + Hi(—2z)Fi(z) = 0.

We considered a specific relation between the analysis filters:
H1(z) = Ho(—z) s.t. response symmetric w.r.t. w = /2 (QMF)

With polyphase structure: T(z) = 2z 1Ey(2%)E1(2?)
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Summary:  T(z) =2z 'Ey(2?) E1(Z?)
Case-1 Hy(z) is FIR:
@ P.R.: require polyphase components of Hy(z) to be pure delay
s.t. Ho(Z) = C()Z_Z'70 + Clz_(2"1+1)
[cons] Hp(w) response is very restricted.
@ For more desirable filter response, the system may not be P.R., but
can minimize distortion:

— eliminate phase distortion: choose filter order N to be odd,
and hg[n] be symmetric (linear phase)

— minimize amplitude distortion: |Hop(w)|?> + |H1(w)|? =~ 1

Case-2 Hy(z) is lIR:

° £(z2)= % can get P.R. but restrict the filter responses.

@ eliminate amplitude distortion: choose polyphase components to be
all pass, s.t. T(z) is all-pass, but may have some phase distortion
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Look Ahead: Simple FIR P.R. Systems

2-channel simple P.R. system:

XLM D h\L How are X(z) and X(z) related?

> \]/;_ What are the equiv. Hi(z) and Fy(z)?

Extend to M-channel:

Xon {( " How are X(z) and X(z) related?

‘&éﬂ What are the equiv. Hi(z) and F(z)?

Lma 5

% { Interpretation: demultiplex then
5 L? [ Y[M multiplex again
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Look Ahead: Simple Filter Bank Systems

Xt

- M50 b=t .
; mq@—’“ﬁ

Ui B~ [ s Ry

If all S(z) are identical as S(z), how are X(z) and X(z) related?

How is this related to the simple M-channel P.R. system on the
last page?
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Look Ahead: M-channel filter bank

6 Quadrature Mirror Filter (QMF) Bank
Appendix: Detailed Derivations

Study more general conditions of alias-free and PR;
examine M-channel filter bank:

ka Mu] wm

mwm@ﬂ

o)

\Hu—\ (3> \_?M*L’?-——’ — L&)

——
Ma\asls Dowle_ S(\]Mwem banke

Derive the input-output relation.
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Input-Output Relation

Examine the input-output relation:
(O Subband signals XL[}\ = HLLX) X (3 k=o,1.
O semmagnas Ve ) = [Xe)) 42
s s
Neod 0 £ X (37 W)t 5 Xe(Fme)
e %_XL(%‘A)“V XK(‘%VL) =0\,
oliasing otoum 1 RS poers Speoimu oy erlapy

2 e Xy, QA)
Ve )= 3 @)+ 53X (-8)
= ’Li HK[;’)X(S’\ + _)IZ HKU&’)X(‘X) ko, (.

Il

® Te®

45
® XH= B@AOYe®t FE T
= T (H)Fol)t IR FUIXRD
+ 5 T RN Bl + HUDE @) X8
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Input-Output Relation

In matrix-vector form:

2.‘2(@: LI X)) [Ho) Hi ][ Fold
Ho(-3) He(3) || Feld

VN-A/
bﬂj’"‘f— s 'L—{JQ%§
“odins componert nadrix

= [Fo® F3] [ He@) ot }Xm]
L (3) H(=3)J LX)
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LPTV (Linear Periodically Time Varying) Viewpoint

I/\\NTSL X () expression s -
T = TeXB) + ALZOXL—B/)

e foa— S (Eme ey ) ko <& = ; Xt "

Defire § §oTr]

4.1

eI+ (—)Foule) X< _3/)([)\“_1 (;\n)
tle) — ()< oK) vy
35 W)* x[n]) WIS enen

I

1)

- Q[w}: {
610@—#)([“] pocs odde

i.e., alternatingly taking output from one of the two LTI subsystems
(note: input and ouput have the same rate)
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Eliminating Phase Distortions with FIR Filters

T(w) now becomes

Tao= % [ Ho'twy = Ro -]
=% [E:JWMRILM _ gl RLUMT)J also used here |Hp(w)| = |R(w)]
= é‘im [Rw) = () R (-]
= e T O etr )

2

and |Ho(w)| being even
symmetric

If N'is even, T(w)|w=2 =0, which brings severe amplitude
distortion around w = /2.

To avoid th-is,\’/ N should be odd so that
e v

T(w) = 5~ [|Ho(w)[ + |Ho(m — w)?]
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