ecimation and Interpolation
igital Filter Banks

1 Basic Multirate Operations

1.1 D
2 Interconnection of Building Blocks 1.2D

Basic Multi-rate Operations: Decimation and Interpolation

@ Building blocks for traditional single-rate digital signal
processing: multiplier (with a constant), adder, delay,
multiplier (of 2 signals)

&= -~ e

@ New building blocks in multi-rate signal processing:

M-fold decimator \(En3> g/é_j
L-fold expander X J—4 L \/E[M

Readings: Vaidyanathan Book §4.1; tutorial Sec. Il A, B
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4/37



1 Basic Multirate Operations i
2 Interconnection of Building Blocks 1.

L-fold Expander

Decimation and Interpolation
D

1
2 Digital Filter Banks

0 otherwise

L] if nis int Itiple of L € N n (n?
veln] = {X[n/ | if nis integer multiple o XU Jq@__«?\fﬁ

& ] ' Xend
I } R — Question: Can we recover x[n|
0 L 2 n
L,:z) \\\ delr) from yg[n]? — Yes.
] l NN The expander does not cause loss of
v
> (I§4s47&--. information.
Tt~ r
qum,zws

Question: Are 1 L and | M linear and shift invariant?
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1 Basic Multirate Operations 1.1 Decimation and Interpolation
2 Interconnection of Building Blocks 1.2 Digital Filter Banks

Input-Output Relation on the Spectrum

Ye(z) = X(25)
Evaluating on the unit circle, the Fourier Transform relation is:
Ye(e) = X(et) =  Ye(w) = X(wl)

i.e. L-fold compressed version of X(w) along w

v NE A

Ly 2T N
@Qemw} RS

mmmmﬁ@mmmmm

- )“\/S /5 ()'“/S
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1 Basic Multirate Operations il
2 Interconnection of Building Blocks 1

M-fold Decimator

yp[n] = x[Mn], M € N

1 Decimation and Interpolation
.2 Digital Filter Banks

o -
XTCn] v g/f_n ]

D
Corresponding to the physical time scale, it

is as if we sampled the original signal in a
slower rate when applying decimation.

Questions:

@ What potential problem will this bring?
@ Under what conditions can we avoid it?

@ Can we recover x[n]?

ENEE630 Lecture Part-1 5/37



1 Basic Multirate Operations

1.1 Decimation and Interpolation
2 Interconnection of Building Blocks 1

1
.2 Digital Filter Banks

Transform-Domain Analysis of Decimators

Yp(z) = > 02 _yplnlz™" =302 x[nM]z™"

PYAN X (w] Yaind
L= =

’Wu\*\’l P Sinyess”
01:]\(,"‘3 Q,‘LPMS‘ 1AW

Putting all together:

Yp(z) = & S X(Whzw)

Yp(w) = 4 Skt X (2=2k)

ENEE630 Lecture Part-1
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Decimation and Interpolation

1 Basic Multirate Operations 1.1
1.2 Digital Filter Banks

2 Interconnection of Building Blocks

Frequency-Domain lllustration of Decimation

Interpretation of Yp(w) ﬁ ﬁ\ /\ /\ R
T
Step-1: stretch X(w) by a factor of M to .A\X_(w/\s) /\
obtain X(w /M) N L

T 2T 3T 4w 110
Xz

N AN

3T ’T T oam 3T 4—7\' g
them in successive amounts of 27 XLN:;UY> T

Step-2: create M — 1 copies and shift

«
(
{

\

1

- = ursvmnm

)

Step-3: add all M copies together and A3

multiply by 1/M.

=t & 2t 3T 4m 8T
T itk perrod- o 2> .
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1 Basic Multirate Operations

2.1 Decimator-Expander Cascades
2 Interconnection of Building Blocks 2.2 Noble Identities

Interconnection of Building Blocks: Basic Properties
Basic interconnection properties

WS- =

LMl—
LSM,\M—TW)
by the linearity of | M & 1 L
Xa) X‘E],
\ ﬁ - -—_\
XW XLU\J
Xl

Q-’@—” _ —>h
Atnq

T A

Readings: Vaidyanathan Book §4.2; tutorial Sec
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1 Basic Multirate Operations 2.1 Decimator-Expander Cascades
2 Interconnection of Building Blocks 2.2 Noble Identities

Decimator-Expander Cascades

[0\3 XCn) WM e /\\L‘L &\C’\]

Kl

B %0 — e} $:0

Questions:
@ Is y1[n] always equal to ys[n]? Not always.
E.g., when L = M, ys[n] = x[n], but

yi[n] = x[n] - em[n] # y2[n], where cp[n] is a comb sequence

@ Under what conditions yi[n] = y2[n]?
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1 Basic Multirate Operations 2.1 Decimator-Expander Cascades
2 Interconnection of Building Blocks 2.2 Noble Identities

Condition for yi[n] = y»[n]
Equiv. to examine the condition of { W} 2”;01 = {W,\’j,L}Qtol:
iff M and L are relatively prime.

Question: Prove it. (see homework).

Equivalent to show: {0,1,....M —1} = {0,L,2L,...(M — 1)L} mod M
iff M and L are relatively prime.

= Thus the outputs of the two decimator-expander cascades,
Y1(z) and Yo(z), are identical and (a) = (b) iff M and L are
relatively prime.

ENEE630 Lecture Part-1 34 /37



1 Basic Multirate Operations 2.1 Decimator-Expander Cascades
2 Interconnection of Building Blocks 2.2 Noble Identities

The Noble Identities
Consider a LTI digital filter with a transfer function G(z):

HLM

X\ ) X I-U"‘J

(b) D_}E %«)D‘Q LV\:] é(é’l‘) da T

X3Cn) XaCny

Question: What kind of impulse response will a filter G(z%) have?

Recall: the transfer function G(z) of a LTI digital filter is rational for
practical implementation, i.e., a ratio of polynomials in z or z=%. There
should not be terms with fractional power in z or z71.

ENEE630 Lecture Part-1
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3.1 Basic Ideas
3 The Polyphase Representation 3.2 Efficient Structures
Appendix: Detailed Derivations 3.3 Commutator Model
3.4 Discussions: Multirate Building Blocks & Polyphase Concept

Polyphase Representation: Definition
H(z) =% h[2n]z=2" + z~1 S hl2n+ 1]z72"

Define Ey(z) and Ej(z) as two polyphase components of H(z):

Eo(2) = 302 oo hl2n]z7",
Ei(z) =302 hl2n+1]z7",
We have
H(z) = Eo(z?) + z 1 E1(2?)

@ These representations hold whether H(z) is FIR or IIR, causal
or non-causal.

@ The polyphase decomposition can be applied to any sequence,
not just impulse response.
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3.1 Basic Ideas
3 The Polyphase Representation 3.2 Efficient Structures
Appendix: Detailed Derivations 3.3 Commutator Model
3.4 Discussions: Multirate Building Blocks & Polyphase Concept

Extension to M Polyphase Components
For a given integer M and H(z) =72 h[n]z™", we have:
H(z) = 30l o hinM]z="M 271 3700 h[nM + 1]z="™M
+ o Az WMDY ChnM A+ M — 1]z

Type-1 Polyphase Representation

H(z) = Ze 0 L 2tE (M)

where the /-th polyphase components of H(z) given M is
Ei(z) 2550 ednlz" = S350 hnM + £z~

n=—o0 n=—0o0

Note: 0 < ¢ < (M — 1); strictly we may denote as EZ(M)(Z).
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3.1 Basic Ideas
3 The Polyphase Representation 3.2 Efficient Structures
Appendix: Detailed Derivations 3.3 Commutator Model

3.4 Discussions: Multirate Building Blocks & Polyphase Concept

Alternative Polyphase Representation

If we define Ry(z) = Ep—1-¢(z), 0 < ¢ < M — 1, we arrive at the
Type-2 polyphase representation
H(z) = St 2= M=1=0R,(2M)

Type-1: Ei(z) is ordered
consistently with the number of delays
in the input

—_— @ RO(S‘M> %—\
Fm =
& tl>m—>3h_ o SR A

ENEE630 Lecture Part-1 7/25

Type-2: reversely order the filter
Rk (z) with respect to the delays



3 The Polyphase Representation
Appendix: Detailed Derivations

General Cases

3.1 Basic Ideas

3.2 Efficient Structures

3.3 Commutator Model

3.4 Discussions: Multirate Building Blocks & Polyphase Concept

In general, for FIR filters with length N:

M-fold decimation:
N N—1

a-qm
ﬁ.&@d

P L)

filtering is performed at a lower
data rate

L-fold interpolation:

MPU = N, APU=N—-L

—>Re( 3'__\
k&) P@Wﬁ
) md G

LY

N |

. ‘ .—\
ot

APU = (F—1)xL
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3.1 Basic Ideas
3 The Polyphase Representation 3.2 Efficient Structures
Appendix: Detailed Derivations 3.3 Commutator Model
3.4 Discussions: Multirate Building Blocks & Polyphase Concept

Fractional Rate Conversion

X gr)
Il —
Dt

@ Typically L and M should be chosen to have no common
factors greater than 1 (o.w. it is wasteful as we make the rate
higher than necessary only to reduce it down later)

e H(z) filter needs to be fast as it operates in high data rate.

@ The direct implementation of H(z) is inefficient:
there are L — 1 zeros in between its input samples

only one out of M samples is retained

ENEE630 Lecture Part-1 13/25



4 Multistage Implementations 4.1 Interpolated FIR (IFIR) Design
5 Some Multirate Applications 4.2 Multistage Design of Multirate Filters

Multistage Decimation / Expansion

Similarly, for interpolation, (9 H@\—=
,,_:__)‘ 6(%)F—>@—>

Summary

By implementing in multistage, not only the number of polyphase
components reduces, but most importantly, the filter specification
is less stringent and the overall order of the filters are reduced.
Exercises:

@ Close book and think first how you would solve the problems.

@ Sketch your solutions on your notebook.

@ Then read V-book Sec. 4.4.
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1 Basic Multirate Operations 1.1 Decimation and Interpolation
2 Interconnection of Building Blocks 1.2 Digital Filter Banks

Digital Filter Banks

A digital filter bank is a collection of digital filters, with a common
input or a common output.

Xl T ER _\_(;Lnj gum [@

input — o) gony F(Lb j @ Hi(z): analysis filters
N \ @ xi[n]: subband signals
\ﬁ HM( thﬂ] QM‘EQ%@_;_XQJW o F(z): synthesis filters
Aml\(sts Bonk_ g}n:w_srs Rank_ " @ SIMO vs. MISO
o Typical frequency response for analysis filters:
At Ha Can be
- S @ marginally overlapping
Ho Ho Ha @ non-overlapping
i —;-k: @ (substantially) overlapping
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1 Basic Multirate Operations 1.1 Decimation and Interpolation
2 Interconnection of Building Blocks 1.2 Digital Filter Banks

DFT Filter Bank

Consider passing x[n] through a delay chain
to get M sequences {s;[n]}: si[n] = x[n — ]

Setnd Xol 1)
Xnj &—‘\y S end . X(n]
3 | Su ) L Xme (M)

i.e., treat {s;[n]} as a vector s[n], then apply W*s[n] to get x[n].

(W~ instead of W due to newest component first in signal vector)

Question: What are the equiv. analysis filters?
And if having a multiplicative factor «; to the s;[n]?

ENEE630 Lecture Part-1
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1 Basic Multirate Operations 1.1 Decimation and Interpolation
2 Interconnection of Building Blocks 1.2 Digital Filter Banks

Uniform DFT Filter Bank
A filter bank in which the filters are related by
Hi(z) = Ho(zW*)

is called a uniform DFT filter bank.

| Tm 4
~l3dp
S 2T
o 2T/
[, (v
o -"Tf/M >

The response of filters |Hx(w)| have a large amount of overlap.
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4 Multistage Implementations
5 Some Multirate Applications

Subband Coding

(T N (Y
) ’T/L TL\:" )

@ xo[n] and x1[n] are
bandlimited and can be
decimated

@ Xi(w) has smaller power
s.t. xi[n] has smaller
dynamic range, thus can be
represented with fewer bits

5.1 Applications in Digital Audio Systems
5.2 Subband Coding / Compression
5.A Warm-up Exercise

Suppose now to represent each
subband signal, we need

xo[n]: 16 bits / sample
x1[n]: 8 bits / sample
.16 x 12K + 8 x 10k — 120kbps
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2-Ch. OMF (a.k.a. Maximally Decimated Filter Bank)

ﬁ:’;& Dok 5@1«&& Vs b e

Y] “.(c:D‘L Voln] @ s

Ho (&> |—=
Xiln] i d«(v] o
tf—\--ﬂi%: —[R®

I[T‘ ECaWA
Suitonch o ﬂi%ms
< detimated
mmiﬁs‘t's bonk. — ﬁ.
r-e-- 5 0-':1'“3_-—1-,—-:—- 53“‘ E‘:Pm —-1-
e Csys ! ‘ the system

2 TIw oo broaderSenstoto w‘am{,sawm?% Dok
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5.1 Applications in Digital Audio Systems

4 Multistage Implementations R n
5 Some Multirate Applications 92 Sulidincl Carlivg / Compression
5.A Warm-up Exercise

Filter Bank for Subband Coding

Onaly S bank- receser df““m

L PN e 10 e (75 s R g [T
T@ R
/IP

bit allocation N\ Ko as
owde Zym?w‘&w 3 bowmd_

S(‘j Kihesis bonk

%mr—ﬁlm‘b%
Role of Fy(z):

@ Eliminate spectrum images introduced by 1 2, and recover

signal spectrum over respective freq. range

o If {Hk(2)} is not perfect, the decimated subband signals may

have aliasing.

@ {Fk(z)} should be chosen carefully so that the aliasing gets

canceled at the synthesis stage (in X[n]).
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Review: Quadrature Mirror Filter (OMF) Bank

f,\mlﬁs?s bk samealsbmx_.
xn] Yolr] Voln] S
Ho (3 ---==r 2 =R o)
Py 40w "
Vg x 0
Hu (3) =t I=[Rw
S | E—
! ptwade.
SubDos N dechwmaded-

Signals Supp WA EHWS

S = BolTe 0+ FGOT3)

= T [ He(P Fol)t Hi R3] XD
+ 5 T Hol= ) B3 + HIEHFR ] X8

To carcel. Minsingfor ol pussila mgets X0x),
ST- Fe-5) Fo(3) b5 s =0
e o Cnavrse Folg)= Itil=4)

& F ()= —Hol3)
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. . 6.1 Errors Created in the QMF Bank
6 Quadrature Mirror Filter (QMF) Bank 6.2 A Simple Alias-Free QMF System
Appendix: Detailed Derivations
6.A Look Ahead

Polyphase Representation: Matrix Form

xCnl =[] [EYH DWS—\
M Eme 1; iq——XL\ o) o > X L)
In matrix form: (with MIMO transfer function for intermediate stages)

[ EléZ) EO(ZZ) ] [ 1 —11 ] [ 1 —11 } { EoéZ) Elc()Z) ]

synthesis 20 analysis

% Note: Multiplication is

| 2E0(2)Ei(2) from left for each stage
0 2Ey(z)E1(2) when intermediate signals
are in column vector form.

ENEE630 Lecture Part-1 19/38



6.1 Errors Created in the QMF Bank
6.2 A Simple Alias-Free QMF System
6.A Look Ahead

6 Quadrature Mirror Filter (QMF) Bank
Appendix: Detailed Derivations

Summary

Many “wishes” to consider toward achieving alias-free P.R. QMF:
(0) alias free, (1) phase distortion, (2) amplitude distortion,
(3) desirable filter responses.

Can't satisfy them all at the same time, so often meet most of
them and try to approximate/optimize the rest.

A particular relation of synthesis-analysis filters to cancel alias:

{IZ’Z; z Ij-(lo_(z—)z) s.t. Ho(—z)Fo(z) + Hi(—2z)Fi(z) = 0.

We considered a specific relation between the analysis filters:
H1(z) = Ho(—z) s.t. response symmetric w.r.t. w = /2 (QMF)

With polyphase structure: T(z) = 2z 1Ey(2%)E1(2?)
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. . 6.1 Errors Created in the QMF Bank
6 Quadrature M'."_Or Filtgr (QME) Bank 6.2 A Simple Alias-Free QMF System
Appendix: Detailed Derivations
6.A Look Ahead

Summary:  T(z) =2z 'Ey(2?) E1(Z?)
Case-1 Hy(z) is FIR:
@ P.R.: require polyphase components of Hy(z) to be pure delay
s.t. Ho(Z) = C()Z_Z'70 + Clz_(2"1+1)
[cons] Hp(w) response is very restricted.
@ For more desirable filter response, the system may not be P.R., but
can minimize distortion:

— eliminate phase distortion: choose filter order N to be odd,
and hg[n] be symmetric (linear phase)

— minimize amplitude distortion: |Hop(w)|?> + |H1(w)|? =~ 1

Case-2 Hy(z) is lIR:

° £(z2)= % can get P.R. but restrict the filter responses.

@ eliminate amplitude distortion: choose polyphase components to be
all pass, s.t. T(z) is all-pass, but may have some phase distortion

ENEE630 Lecture Part-1
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M-ch. Maximally Decimated Filter Bank

4\ V I
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7.1 The Reconstructed Signal and Errors Created

7.2 The Alias Component (AC) Matrix

7.3 The Polyphase Representation

7.4 Perfect Reconstruction Filter Bank

7.5 Relation between Polyphase Matrix E(z) and AC Matrix H(z)

The Alias Component (AC) Matrix

7 M-channel Maximally Decimated Filter Bank
Appendix: Detailed Derivations

From the definition of Ay(z), we have in matrix-vector form:

Pald) Blp)  HGE) - - He Y]] B
A@ Hol3w) HGm) = = Au(n)) | L&)

M : : . g
P B Holgn ) W) oo Haa R L 3
k/—\r—)

S
Ak Tt 2

H(z): M x M matrix called the “Alias Component matrix”

The condition for alias cancellation is
MAo(z)
H(2)t(z) = t(z), where t(z) = 0
0

ENEE630 Lecture Part-1 5/21



Review: Polyphase Implementation

Xtn) (el e

o TS b A
*@x—’c}—*—“-—*@%ﬂ
- R0
. \_1—‘—'14*« T
l< | e
malésls Downlc_ ‘ Séﬁb‘ﬂ&%?& bank.
X
F(Es—** £ R(&) ,,:1:&
I' o ‘_.}3,;‘ ?_}{EJ"L}
;‘*L_j. o "
x P(3)

Conhine- Poly phose. matnices W owe-waady P (3y=R (§) E(¥) .
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7 M-channel Maximally Decimated Filter Bank
Appendix: Detailed Derivations

Simple FIR P.R. Systems

l__l 31

X Q«l\

>I_M—- @7*—>XCV§}

Extend to M channels:
Hi(z) = z
Fi(z) =

= X(z) =z~ (M— 1)X(z)

i.e. demultiplex then multiplex
again

7.1 The Reconstructed Signal and Errors Created

7.2 The Alias Component (AC) Matrix

7.3 The Polyphase Representation

7.4 Perfect Reconstruction Filter Bank

7.5 Relation between Polyphase Matrix E(z) and AC Matrix H(z)

X(z) = z7'X(2),
i.e., transfer function T(z) =z

_k .
7ML g < k< M—1 XTAd -(Lf’ﬁbD

-"‘7 'f\M —7\‘&—(

\
( ~

3 L,@ %@‘J
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Perfect Reconstruction Filter Bank

S, e
b | — ] —
Cf‘xr [_!:—A\ ‘I‘H?A ‘}‘5'_1 ;_{ ‘ ~ "@j é--ﬁ
- ‘. n '- + A : '. L- * X
A oy B vy Sl (A R T [TV = S C e S -
P

o If P(z) = R(2)E(2) =1, then the system Is equivalent to
the simple P.R. system on the left

e If allowing P(z) to have some constant delay in
practical design: i.e. P(z)=cz—m0 |

=>» System transfer function T(z) = cz-(MmO0+M-1)

"'@C M. Wu: ENEE630 Advanced Signal Processing 10/13/2010



7.1 The Reconstructed Signal and Errors Created

7.2 The Alias Component (AC) Matrix

7.3 The Polyphase Representation

7.4 Perfect Reconstruction Filter Bank

7.5 Relation between Polyphase Matrix E(z) and AC Matrix H(z)

7 M-channel Maximally Decimated Filter Bank
Appendix: Detailed Derivations

Dealing with Matrix Inversion

To satisfy P(z) = R(z)E(z) =1, it seems we have to do matrix inversion
for getting the synthesis filters R(z) = (E(z)) .

Question: Does this get back to the same inversion problem we have
with the viewpoint of the AC matrix f(z) = H~1(2)t(z)?
Solution:

@ [E(z) is a physical matrix that each entry can be controlled.
In contrast, for 7(z), only 1st row can be controlled (thus hard to
ensure desired Hi(z) responses and f(z) stability)

@ We can choose FIR E(z) s.t. detE(z) = az* thus R(z) can be
FIR (and has determinant of similar form).

Summary: With polyphase representation, we can choose E(z) to
produce desired Hi(z) and lead to simple R(z) s.t. P(z) = cz=*I.
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis
Appendix: Detailed Derivations

General Alias-free Condition

Recall from Section 7: The condition for alias cancellation in terms of

H(z) and £(z) is

MAo(Z)

HE(2) =t(z)= | ©

Theorem

| o“

A M-channel maximally decimated filter bank is alias-free
iff the matrix P(z) = R(z)E(z) is pseudo circulant.

[ Readings: PPV Book 5.7 ]
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis
Appendix: Detailed Derivations

Circulant and Pseudo Circulant Matrix

(right-)circulant matrix

Po(z) Pi(z) Pa(2)
P2(Z) P()(Z) P1(Z)
P1(Z) P2(Z) Po(Z)

Each row is the right circular shift
of previous row.

pseudo circulant matrix

Po(Z) Pl(Z) P2(Z)
z71Py(2) Po(2) P1(2)
z7IP(2) z71Py(z) Po(2)

t

Adding z7! to elements below the
diagonal line of the circulant
matrix.

@ Both types of matrices are determined by the 1st row.

@ Properties of pseudo circulant matrix (or as an alternative definition):
Each column as up-shift version of its right column with z~! to the wrapped

entry.

UMd ECE
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis
Appendix: Detailed Derivations

Insights of the Theorem

Denote P(z) = [Ps(2)].

For further exploration: See PPV Book 5.7.2 for detailed proof.

Examine the relation between X(z) and X(z), and evaluate the gain
terms on the aliased versions of X(z).

UMd ECE ENEE630 Lecture Part-1
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis
Appendix: Detailed Derivations

Overall Transfer Function

The overall transfer function T(z) after aliasing cancellation:
X(z) = T(2)X(z), where

T(z) = z_(M_l){PO)O(zM) + Z_1P0’1(ZM) 4+ z_(M_l)PO,M,l(zM)}

For further exploration: See PPV Book 5.7.2 for derivations.
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis
Appendix: Detailed Derivations

Most General P.R. Conditions

Necessary and Sufficient P.R. Conditions

0 HM—r

21, 0 } for some r €0,...,M — 1.

When r =0, P(z) =1- cz=™, as the sufficient condition seen in
§1.7.3.
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis

Appendix: Detailed Derivations

(Binary) Tree-Structured Filter Bank

A multi-stage way to build M-channel filter bank:

Split a signal into 2 subbands = further split one or both subband
signals into 2 = - --

0(1) WFIi) G
E\“ ol ) LD

- el

T S D) 2o A PR j

=) e =R oM
I

(B

inhere " @, e
S AT @4—» Hot)=Ho (&) Ho (37) (b& mbl_u_mﬁ%)
B

Hy 3) \—lval—

Question: Under what conditions is the overall system free from

aliasing? How about P.R.?
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis
Appendix: Detailed Derivations

(Binary) Tree-Structured Filter Bank

2)
Ho 3y i — | Fl$ @
. . _ Fe (3)
E“‘;"“ iw ) }

[ o oy A e 2 e PR B B P
e Her—=R—F e M
e Can analyze the equivalent filters by noble identities.

o If a 2-channel QMF bank with H\")(z), H)(2), F{")(2),
Fl(K)(z) is alias-free, the complete system above is also alias-free.

e If the 2-channel system has P.R., so does the complete system.

[ Readings: PPV Book 5.8 ]
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8 General Alias-Free Conditions for Filter Banks
9 Tree Structured Filter Banks and Multiresolution Analysis
Appendix: Detailed Derivations

Multi-resolution Analysis: Analysis Bank

Consider the variation of the tree structured filter bank
(i.e., only split one subband signals)
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Ho(z) = G(2)G(2%)G(z*) = Ho(w) = G(w)G(2w)G(2%w)
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Multi-resolution Analysis: Synthesis Bank
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Discussions

(1) The typical frequency response of the equivalent analysis and
synthesis filters are:
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(2) The multiresolution components vi[n] at the output of Fi(z):

@ v[n] is a lowpass version of x[n] or a “coarse” approximation;

@ vi[n] adds some high frequency details so that vo[n] + v1[n] is
a finer approximation of x[n];

@ v3[n] adds the finest ultimate details.
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Discussions

(3) If 2-ch QMF with G(z), F(z), Gs(z), Fs(z) has P.R. with
unit-gain and zero-delay, we have x[n] = x[n].

(4) For compression applications: can assign more bits to represent
the coarse info, and the remaining bits (if available) to finer details
by quantizing the refinement signals accordingly.
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Brief Note on Subband vs Wavelet Coding

e The octave (dyadic) frequency partition can reflect the
logarithmic characteristics in human perception.

@ Wavelet coding and subband coding have many similarities
(e.g. from filter bank perspectives)

e Traditionally subband coding uses filters that have little
overlap to isolate different bands

o Wavelet transform imposes smoothness conditions on the
filters that usually represent a set of basis generated by shifting
and scaling (dilation) of a mother wavelet function

o Wavelet can be motivated from overcoming the poor
time-domain localization of short-time FT

= Explore more in Proj#1. See PPV Book Chapter 11
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